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MESSAGE

The Directorate of Education remains steadfast in its vision to achieve
excellence in the academic domain and its commitment to develop meaningful,
engaging, and child-friendly leaming content.

Each vyear, the Directorate carcfully reviews and updates the Support
Material to ensure alignment with the latest CBSE guidelines and emerging

academic developments.

The Support Material provides comprehensive academic support through
well-structured practice questions and exercises that strengthen conceptual
understanding and exam readiness and aims to nurture students’ critical
thinking, analytical abilities, and problem-solving skills. Through such
sustained efforts, the Directorate of Education continues to guide students
towards academic excellence and holistic growth,

This Support Material is intended to bridge classroom learning and
examination preparation, enabling students to consolidate knowledge through
systematic practice. It has been thoughtfully designed for students, with the
belief that its effective use will strengthen their understanding and support them

in achieving their learning goals with confidence.

I appreciate the dedication and collaborative effort of all those involved
in the development of this material and extend my best wishes to all students
—may this Support Material serve as an essential academic aid, enhancing
students’ confidence and preparedness for examinations.

Bt 130adh.

(P ang K. Pole)
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Education is the cornerstone of a progressive society, and providing students with the right learning
resources is essential for their academic and personal growth. Keeping this in mind, the Directorate of
Education, GNCT of Delhi, develops comprehensive Support Material every year for various subjects of
Classes IX to XII.

The support material serves as an additional study resource to supplement textbooks by offering clear
and easy-to-understand explanation of complex topics. Our dedicated team of expert faculty members
has meticulously reviewed and updated this material, aligning it with the latest CBSE syllabus, question
paper pattern and assessment guidelines. Our effort is to simplify difficult concepts and make them
more accessible to students, helping them save time and effort with ready references for effective
preparation.

As Ruskin Bond beautifully said, "Education must inspire the spirit of inquiry, Creativity and Joy" True
learning goes beyond memorisation-it encourages curiosity, fosters creativity, and makes the learning
process meaningful and enjoyable.

In alignment with the vision of NEP 2020, the CBSE framework now places emphases on competency-
based assessments for 50% of the evaluation, highlighting the need for students to develop critical
thinking and problem-solving skills. The Support Material is designed to help students analyse concepts
deeply, think innovatively, and apply their knowledge affectively, ensuring they are well-prepared not
only for exams but also for real-life challenges.

| appreciate the dedicated efforts of the entire team of subject experts in developing this valuable
learning resource. | am confident that both teachers and students will make the best use of these
material to enhance learning and academic success.

Wishing all students great success in their exam and a bright, fulfilling future ahead.

Vel

(VEDITHAE REDDY, 1AS)
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MESSAGE

"Children are not things to be molded, but are people to be unfolded." -
Jess Lair

In line with this insightful quote, the Directorate of Education, Delhi, has always
made persistent efforts to nurture and unfold the inherent potential within each
student. This support material is a testimony to this commitment.

The support material serves as a comprehensive tool to facilitate a deeper
understanding of the curriculum. It is crafted to help students not only grasp
essential concepts but also apply them effectively in their examinations. We
believe that the thoughtful and intelligent utilization of these resources will
significantly enhance the learning experience and academic performance of our
students.

Our expert faculty members have dedicated themselves to the support material
to reflect the latest CBSE guidelines and changes. This continuous effort aims to
empower students with innovative approaches, fostering their problem-solving
skills and critical thinking abilities.

I extend my heartfelt congratulations to the entire team for their invaluable
contribution to creating a highly beneficial and practical support material. Their
commitment to excellence ensures that our students are well-prepared to meet
the challenges of the CBSE examinations and beyond.

Wishing you all success and fulfilment in your educational journey.

(Dr. Rita Sharma)
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THE CONSTITUTION OF
INDIA

PREAMBLE

WE, THE PEOPLE OF INDIA, having
solemnly resolved to constitute India into a
'[SOVEREIGN SOCIALIST SECULAR
DEMOCRATIC REPUBLIC] and to secure
to all its citizens :

JUSTICE,
political;
LIBERTY of thought, expression, belief,
faith and worship;

EQUALITY of status and of opportunity;
and to promote among them all
FRATERNITY assuring the dignity of

the individual and the “lunity and
integrity of the Nation];

social, economic and

IN OUR CONSTITUENT ASSEMBLY | .

this twenty-sixth day of November, 1949 do
HEREBY ADOPT, ENACT AND GIVE TO
OURSELVES THIS CONSTITUTION.

1. Subs. by the Constitution (Forty-second Amendment) Act, 1976, Sec.2,
for "Sovereign Democratic Republic” (w.e.f. 3.1.1977)

2. SBubs. by the Constitution [Forty-second Amendment) Act, 1976, Sec.2,
for "Unity of the Nation” (w.e.f. 3.1.1977)
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ANNUAL SYLLABUS
CLASS XII

SUBJECT: MATHEMATICS (041)
SESSION (2025-26)

CONTENT

Unit-1: Relations and Funetions

1.Relations and Functions
Types of relations: reflexive, symmetric, transitive and equivalence relations. One to one
and onto funclions.

2. Inverse Trigonometric Functions

Definition, range, domain, principal value branch. Graphs of mverse trigonometric
funciions.

Unit-11: Algebra

1.Matrices

Concept, notation, order, equality, types of matrices, zero and identity matrix, transpose of a
matrix, symmetric and skew symmetric matrices. Operation on matrices: Addition and
multiplication and multiplication with a scalar. Simple properties of addition, multiplication
and scalar multiplication. On- commutativity of multiplication of matrices and existence of
non-zero matrices whose product is the zero matrix (restrict to square matrices of arder 2),
Invertible matrices and proof of the uniqueness of inverse, if it exists; (Here all matrices will
have real entries).
|2, Determinants
| Determinant of a square matrix {up to 3 x 3 matrices}, minors, co-factors and applications of
|determinants in finding the area of a triangle. Adjoint and inverse of a square mairix.
Consistency, inconsistency and number of solutions of system of linear equations by examples,
solving system of linear equations in two or three variables (having unique solution) using
{inverse of a mairix.

Unit-111: Caleulus

1.Continuity and Differentiability

Continuity and differentiability, chain rule, denivative of inverse trigognometne functions, like
sin”' x, cos™ x and tan™ x, derivative of implicit functions. Concept of exponential and
logarithmic functions. Derivatives of logarithmic and exponential functions. Logarithmic
differentiation, derivative of functions expressed in parametric forms. Second order derivatives,

Z.Applications of Derivatives
Applications of derivatives: rate of change of quantities ., increasing/decreasing




functions, maxima and minima (first derivative test motivated peometrically and second
goerivative test given as a provable tool). Simple problems (that illustrate basic principles and
{understanding of the subject as well as real- life situations).
|3 dntegrals
Integration as mverse process ol dillerentiation. Integration of a variety of Tunctions by
substitution, by partial fractions and by parts, Evaluation of simple integrals of the following
types and problems based on them

dx dx dx dx dx ¢+

f___ !-r g !«j h[ J._E'"—E_dx

.[_2 ] 3, 2
ra Wx'za

2 [0 1 2
ax +hx+c 77 Jax 4bx+c ' ax +br+c
o 33 — —_— -
".ax"+m:+cdx ) _F*.'a txtdy _[x-x —a*dx, [ Vax'+batcdx
¥

Fundamental Theorem of Caleulus (without proof).Basic properties of definite integrals and
evaluation of definite integrals.

4. Applications of the Integrals:

Applications in finding the area under simple curves, especially lines,
circles/parabolas/ellipses (in standard form only)

5.Differential Equations

Definition, order and degree, general and particular solutions of a differential equation.
Solution of differential equations by method of separation of variables, solutions of
homogeneous differential equations of first order and first degree. Solutions of linear
differential equation of the type

Solutions of linear differential equation of the type:

dy

de Py where p and g are functions of x or constants

'-:rf-ﬂ-r:q where p and q are functions of v or constants.

dy
Completion of Mid Term Syllabus by 06™ September 2025
Revision for Mid Term Exam
Mid Term Exam
Discussion of Mid Term Question Paper
Unit-I¥: Vectors and Three-Dimensional Geometry
1.Vectors

a vector. Types of vectors (equal, unit, zero, parallel and collinear vectors), position vector of a

by a scalar, position vector of a point dividing a line segment in a given ratio. Definition,
Geometrical Interpretation, properties and application of scalar (dot) product of vectors, vector
(cross) product of vectors.

Vectors and scalars, magnitude and direction of a vector, Direction cosines and direction ratios of

point, negative of a vector, components of a vector, addition of vectors, multiplication of a vector




2. Three - dimensional Geometry

Direction cosines and direction ratios of a line joining two points. Cartesian c‘qua’rian and
vector equation of a line, skew lines, shortest distance between two lines. Angle between two
lines.

Unit-V: Linear Programming

1.Linear Programming

Introduction, related terminology such as constrainis, objective function, optimization,
graphical method of solution for problems in two variables, feasible and infeasible regions
{bounded or unbounded), feasible and infeasible solutions, optimal feasible solutions (up to
three non-trivial constraints).

_U nit-¥1: Probability

1.Probability

Conditional probability, multiplication theorem on probability, independent events, tolal
probability, Bayes® theorem .

*Note- Syllabus must be completed by 6™ December 2025

Preparation for Pre Board Examination (2025-26)

Pre Board Examination (2025-26)

CBSE BOARD EXAMINATION
(2025-26)

For relevant NCERT textual material and further information Kindly refer to CBSE
cuidelines
hitps://chseacademic.nic.in/

L







Contents

S. No. Chapter Name Page No.
1. Relations and Functions 19-36
2. Inverse Trigonometric Functions 37-52
3. Matrices 53-70
4. Determinants 71-88
5. Continuity and Differentiability 89-106
6. Application of Derivatives 107-122
7. Integrals 123-151
8. Application of Integrals 152-161
9. Differential Equations 162-178
10. Vectors 179-198
1. Three-dimensional Geometry 199-215
12. Linear Programming 216232
13. Probability 233-252
® Practice Papers 253-315
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CONCEPT MAP OF CONTINUITY AND DIFFERENTIABIITY

. B

Noteworthy Results on Continuous Functions

* A constant Function f(x)=k is continuous everywhere.

* Identity Function f(x)=x is continuous everywhere.

* Polynomial Function f(x)= f(x)=a,+a,x+a,x*+............ a,x",neN,xeR is continuous
everywhere.

* The modulus function f(x)=|x| is continuous everywhere.

* The logarithmic function f(x)=x is continuous in its domain

* The exponential function f(x)= a*,a>0 is continuous everywhere.

* The sine function f(x)=sinx and cosine function f(x) =cosx are everywhere
continuous .

*The tangent function, cotangent function, secant function and cosecant function
are continuous in their respective domains.

*All the six inverse trigonometric functions are continuous in their respective
domains.

*A rational function f(x)=g(x)/h(x) , h(x)not equal to zero is continuous at every
point of its domain.

* Sum , difference ,product and quotient of of two continuous function is a
continuous function.

A function f may fail to be continuous at x=0 for any of the following reasons

(1) f is not defined at x=a, i.e,f(a) does not exist
(2)Either lim f(x) does not exist or limf(x) does not exist.

x>a x>a

(3) lim f(x)#lim f(x)

x2a x>a

(4) lim f(x)=lim f(x)=f(a)

x>a x>a"
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PAPPLICATION OF DERIVATIVE

Rate of Change of Quantities

1f a quantity if "y’ varies with another quantity x so that y = f(x), then

dyr,,. onrbe Fin BAMAR Alinos " dy e
= [j m] represents the rate of change of y wrt xand 22 (/)

x|,
mthc o Ch'mge . : i

ond vt vt bl 0 < 00 ] | Rt raivsoa i, = o, ten e
A point C in the domain of f'at which H"aﬂd? Hﬂmmthamwmﬂi“fdl‘[H _fg i
either f1c)=0 or s not differentiable is .‘ andi‘=il‘ﬂ.ﬁl€m£hﬂinrulfﬂzw /ﬂ iiﬂ i liithaﬂg;uft gt i persend o -
; PO U TN A o -
called a critical point of f. b ddd ﬁ"ﬂ']{‘.m "J:"-m-:i'mI

First Derivative Test Second Derivative Test

Let fbe continuous at a critical Let fbea fnction defined Il'lCl'EElSillg & Decreasing Functions

point C in open Then ) ff onland CCH fishie
(.u: Datvery il of C h difrente atC Then Afunction s said tobe (i) increasing on (a) if x, <x, in
and f (1) <0 atevery point ight bl f :
(a,8)= f(x;) £f(xy)¥xx, € (a}), and (i) decreasing on

(o, byifx,<xin(gh) = £(%)> f(%)Vxxe(ah)

() =Cisa ointf ol max,
maxima, i) I {x) <0 atevery (G0 (0 0,0
point leftof Cand f (1) >0t el [d,'-

every paint ightof C then C's

of Cthen C'is pointof loca

(i) =Cisapontof ol mn
if (C)=0and (O£
Kcalminof . i) The s
ilf(C=0and [ (C)=0

pointoflocal minima.

I££°(x) 2 0V xe (a5 ) then fis increasing in (5,6) and if f (x)
<0V.xe (a}) then fis decreasing in (a,b) For eg: Let f(1)=
¥'- 3 +4xxeR, thenf(x)= =61 +4=3(x=1)+1 >0V xe R.
S0, the function f is strictly increasing on R.

() I {1} does mof chinge sgn

Y increases though C,then'C
is called the point of nflecton.
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The methiod in which we change the variable i some
ather variable is called the method of substitutian

[1am iy = bogfseca « ¢ Joot s moglsin] 4 ¢
Iﬂr—'ﬂrih'hlﬂlllli ¢ [ooseculr=loglosecs - cota] + .

Wb v ol dillenen iation. uLbiF;.}.Mn_Jm}*.pmm—r;
constant o inegral. These imtegribs ane called indeliniie or peneral iniegrals
Prpestiesul indefizite sirgrals are

L L N P T (G R T

Forag 1 [ 4 2 e’ o £ o where ks real
L

LEES e
=x

dr 1, |x= &1
0 I'-I'-;hs:ﬂ- +Ir':."I'Ilﬂ-:“ hhl
dr 1

L ¥ dr b
ﬁjjm-;m':ﬂ' v} fﬁ'“l“* 'ul"'ll"':

[\.}fﬁ-ﬂ-l E+¢ MI?::_'I-HPH.‘IJHIPI_

SOME SPECIAL TYPE OF INTEGRALSIN
7
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1 2

x
gn—+e
a

i |h|'n=ul funeiien be defined by
A= i prvx = a,
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thern A*{x = F{xJwr = Il'_,l].

SECOND FUNDAMENTAL THEOREM OF INTEGRAL caLcuLuS
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i being the lower limit and b be the upper limit.

Let f be a continuous function of x defined on [a,5] and let F be another function such that
%r{:]- (¥ domin of  therf  (xix = [ F(x)+ | =F(8)-F(a) Thisscalled the
definite integral of f over the range [a,b], where @ and b are called the limits of integration,
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CHAPTER-1
RELATIONS AND FUNCTIONS

oy o
Vimime Bodln =1 =
— |is o [
A thermometer measuring a : : 5:_ et A thermometer measuring a
temperature of 22° Celsius is =1 | temperature of
shown here. - = |wsa 72° Fahrenheit is shown here.
o ey
On the Celsius scale, water o =1 On the Fahrenheit scale,
freezes at 0° and boils at =1 " =] oo water freezes at 32° and boils
100°. 1 P emperatas - ] |8 at 212°.
0 ™
&0
-] 50
o Vilaber frenoss I :
ma
o 0
[ ]
L]

T

Calsies Fahrenhert

By looking at the the two thermometers shown, you can make some general comparisons
between the scales. For example, many people tend to be comfortable in outdoor tempera-
tures between 50°F and 80°F (or between 10°C and 25°C). If a meteorologist predicts an
average temperature of 0°C (or 32°F), then it is a safe bet that you will need a winter jacket.

Sometimes, it is necessary to convert a Celsius measurement to its exact Fahrenhelt mea-
surement or vice versa.

For example, what if you want to know the temperature of your child in Fahrenheit,
and the only thermometer you have measures temperature in Celsius measurement?
Converting temperature between the systems is a straightforward process. Using the function

9
F=fC)= 5 C + 32, any temperature in Celsius can be converted into Fahrenheit scale.

TOPIC TO BE COVERED AS PER CBSE LATEST CURRICULUM 2025-26

Types of relations: reflexive, symmetric, transitive and equivalence relations.

One to one and onto functions

Arelation in a set Ais a subset of A x A.
Thus, R is a relation in a setA= R c A x A Relations

If (a, b) € R then we say that a is related to b and write, aR b

If (a, b) ¢ in R then we say that a is not related to b and write, a R b.

[Class XII : Maths] 17



If number of elements in setAand set B are p and q respectively, Means n(A) = p, n(B) = q,
then

No.

No.
No.

No.

No.
No.

of Relation afAx A= 2P

of Relation of B x B = 29"
of Relation of A x B = No. of Relation of B x A = 2r9

of NON EMPTY Relation of Ax A= (27" — 1),

of NON EMPTY Relation of B x B = (29 —1).
of NON-EMPTY Relation of A x B = No. of Relation of B x A= (2,9—1)

Q1
B

Ans,

Q.2

Ans.

IfA={a, b, c} and B = {1, 2} find the number of Relation R on (i) A x A (ii) B x B (iii) A x

As n(A) =3, n(B) =2, so

No. of RelationRon Ax A=233=29=512
No. of Relation Ron B x B =22*2=24=16
No. of Relation Ron A x B =2%%2=25=64

A={d, o, e} and B = {22, 23} find the number of Non-empty Relation R on (i) A x A (ii)
BxB

As n(A) = 3, n(B) = 2, so

No. of Non-empty relations RonAx A=23*3-1=2—1=511

No. of Non-empty relations Ron B x B =22*2-1=24-1=15
Different types of relations

Empty Relation Or Void Relation

A relation R in a set A is called an empty relation, if no element of A is related to any
element of A and we denote such a relation by ¢.

Example: LetA={1, 2, 3,4} and letR be arelationin A, given by R={(a, b): a + b = 20}.
Universal Relation

Arelation R in a set Ais called an universal relation, if each element of A is related to
every element of A.

Example: LetA={1, 2, 3, 4} and let R be a relation in A, givenby R ={(a, b): a + b > 0}.
Identity Relation
Arelation R in a set Aiis called an identity relation, where R = {(a, a), a € A}.

Example : Let A= {1, 2, 3, 4} and let R be a relation in A, given by R ={(1, 1), (2, 2),
(3, 3), (4, 4)}.

18
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. Reflexive Relation
Arelation R in a set Ais called a Reflexive relation, if (a, a) € R, for all a € A.
Example : LetA={1, 2, 3, 4} and let R be a relation in A, given by
R={(1,1),(2,2),(3,3), (4, 4)}
R={(1.1).(2,2),(3,3), (4. 4), (1, 2)}.
R={(1,1),(2,2), (3, 3), (4, 4),(2,3),(1,3), (3, 1}

. Symmetric Relation

Arelation R in a set Ais called a symmetric relation, if (a, b) € R, then (b, a)e R for all
a, beA.

Example : LetA={1, 2, 3, 4} and let R be a relation in A, given by
R={(1,1).(2,2), (3, 3)}
R={(1,2),(2,1), (3, 3)}
R={(1.1).(2,2),(3,3).(4,4),(2,3).(1,3), (3, 1), 3, 2)}-

. Transitive Relation
Arelation R in a set Ais called a transitive relation,
if (a, b) e Rand (b, c)e Rthen (a, c)e Rforalla, b,c € A

Or

(a, b)e Rand (b, c) ¢ Rforalla, b, c € A
Example : Let {1, 2, 3, 4} and let R be a relation in A, given by
R={(1,1), (2, 2), (3, 3)}. (According to second condition)
R={(1,2),(2,1),(1,1), (2, 2)}. (According to first condition)
R={(2,3),(1,3),(3,1).(3,2),(3,3),(2,2), (1, 1)}.

. Equivalence Relation

Arelation Rin a setAis said to be an equivalence relation if it is reflexive, symmetric and
transitive.

lllustration:

Let Abe the set of all integers and let R be a relation in A, defined by R = {a, b}: a = b}, Prove
that R is Equivalence Relation.

Solution: Reflexivity : Let R be reflexive = (a,a) e RV ac A
= a=a, which is true

Thus, R is Reflexive Relation.

Symmetricity : Let(a, b) e R va,beA

= a=b

= b=a
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so (b, a) € R. Thus R is symmetric Relation.
Transitivity : Let (a, bp) e Rand (b,c) e RV a,b,ceA
= a=bandb=c
= a=b=c
= a=c
so (a, ¢) € R. Thus Riis transitive Relation.
As, Ris reflexive, Symmetric and transitive Relation
Ris an Equivalence Relation
FUNCTIONS

Functions can be easily defined with the help of concept mapping. Let X and Y be any two
non-empty sets. “A function from X to Y is a rule or correspondence that assigns to each
element of set X, one and only one element of set Y”. Let the correspondence be ‘f then
mathematically we write f: X — Y.

where y =f(x), xe Xand y e Y. We say that ‘y’ is the imagesof ‘x’ under f (or x is the pre image
of y).
. A mapping f: X — Y is said to be a function if each element in the set X has its image in

set Y. It is also possible that there are few elements in set Y which are not the images
of any element in set X.

. Every element in set X should have one and only one image. That means it is impossible
to have more than one image for a specific element in set X.

. Functions cannot be multi-valued (A mapping that is multi-valued is called a relation from
XandY)eg.

Set X

X
.--"'-FF--

Function

Set Y

Set ¥

Mot Function Mot Function

Testing for a function by Vertical line Test

Arelation f: A — B is a function or not, it can be checked by a graph of the relation. If it is
possible to draw a vertical line which cuts the given curve at more thatn one point then the
given relation is not a function and when this vertical line means line parallel to Y-axis cuts the
curve at only one point then it is a function. Following figures represents which is not a
function and which is a function.
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NOT FUNCTION NOT A FUNCTION

Number of Functions

Let X and Y be two finite sets having m and n elements respectively. Thus each element of
set X can be associated to any one of n elements of set Y. So, total number of functions
from set X to set Y is n™.

Real valued function: if R, be the set of real numbers and A, B are subsets of R, then the
function f : A— B is called a real function or real valued functions.

Domain, Co-Domain And Range of Function

If a function fis defined from a set Ato set B then (if : A— B) setAis called the domain of f and
set B is called the co-domian of f.

The set of all <images of the elements of A is called the range of 1.
In other words, we can say
Domain = All possible values of x for which f(x) exists.

Range = For all values of , all possible values of f(x).

From the figure we observe that

Domain=A={a, b, ¢, d} Range = {p, q, r}, Co-Domain={p, q,, s} =B
EQUAL FUNCTION

Two function fand g are said to be equal functions, if and only if

(i) Domain of f = Domain of g

(i) Co-domain of f= Co-domain of g

(i)  f(x) = g(x) for all x & their common domain
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TYPES OF FUNCTION

One-one function (injection): A function f : A — B is said to be a one-one function or an
injection, if different elements of A have differentimages in B.

e.g.Letf:A— Bandg: X —Y be two functions represented by the following diagrams.

Clearly, f: A— B is a one-one function. But g : X — Y is not one-one function because two
distinct elements x, and x, have the same image under function g.

Method to check the injectivity (One-One) of a function
(i) Take two arbitrary elements x, y (say) in the domain of f.

(i) Solve f(x) = f(y). If f(x) = f(y) give x = y only, then f: A— B is a one-one function (or an
injection). Otherwise not.

If function is given in the form of ordered pairs and if two ordered pairs do not have same
second element then function is one-one.

If the graph of the function y = f(x) is given and each line parallel to x-axis cuts the given curve
at maximum one point then function is one-one. (Strictly increasing or Strictly Decreasing
Function). E.g.

(0, 1)

»X X i \\\

_H_x‘.' =a*0<cacl)

_P':.:

[fix)=ax+ b

Number of one-one functions (injections) : If Aand B are finite sets having m and n elements
respectively, then number of one-one functions fromAand B ="P_isn>mand 0if n<m.

If f(x) is not one-one function, then its Many-one function.

Onto function (surjection) : A function f: A — B is onto if each element of B has its pre-
image in A. In other words, Range of f = Co-domain of f. e.g. The following arrow-diagram
shows onto function.
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Number of onto function (surjection): If A and B are two sets having m and n elements

n
respectively such that 1 < n <m, then number of onto functions from Ato B is Z(‘Dn - "C,
r=1

.M

Into function: A function f: A— B is an into function if there exists an element in B having no
pre-image in A.

In other words, f: A— Bis an into function if it is not an onto function e.g, The following arrow
diagram shows into function.

Method to find onto or into function:
(i) Solve f(x) = y by taking x as a function of yi.e., g(y)(say).

(i) Nowif g(y)is defined for each y € co-domain and g(y) e domain then f(x) is onto and if any
one of the above requirements is not fulfilled, then f(x) is into.

One-one onto function (bijection) : Afunction f: A — B is a bijection if it is one-one as well
as onto.
In other words, a function f: A — B is a bijection if
(i) Itisone-oneie., fix)=fly)=>x=yforall x,y € A.
(i) ltisontoi.e., for all y € B, there exists x € A such that f(x) = y.
Clearly, fis a bijection since it is both injective as well as surjective.
lllustration :
Let f: R » R be defined as f(x) = 7x— 5, then show that function is one-one and onto Both.
Solution: Letf(x)=fly) Vv X,y € R

= 7x-5=7y-5
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= X=V,80 | f(x) is one-one function

Now, As f(x) = 7x — 5, is a polynomial function.

so itis defined everywhere. Thus, Range =R

As, Range = co-domain, so | fis onto function.

Alternative method : Graph of f(x) is a line which is strictly increasing for all values of x, so
its one-one function and Range of f(x) is R which is equal to R so onto funclion.

ILLUSTRATION:

If f:X = Y is defined, then show that fis neither one-one nor onto function.

_ =
—_— e
N —
4 d
Solution : As for elements 3 and 4 from set X we have same image cin set Y, so fis not
one-one function.

Further element d has no pre -image in set X,

so fis not onto function

ILLUSTRATION:
Prove that the function f: N — N, defined by f(x) = x>+ x + 2022 is one-one.
SOLUTION : APPROACH-I

Letfix,)=f(x,) V X, Xx,e N=>=x2+x + 2027 =X+ X, + 2027
= XZH+X, =X2tX,

= (X2=x)+(x-x)=0

= (X, =X)X(x, +x,+1)=0

Thus,(x,—x,)=0as (x, +x,+1)#0 V x,,x,e N= x,= X,

so, fis ONE-ONE function

APPROACH-II

fix)=x2+x+2022 = f'(x) =2x + 1

As, x e Nso, 2x+ 1 >0 = f'(x) = 0 (Strictly Increasing function)
so, fis ONE-ONE function
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Type of Functions

¢ are constants

Name of Definition Domain|Range Graph
Function
1. Identify L ) R R
Function The function f: R — R defined by
fix)=xVv xeR
2. Constant | The function f: R — R defined by R (c)
Function fixy=cv xeR
¥y
3. Polynomial | The function f: R — R defined by
Function fix)=p, + pXx+px*>+..+pXx",
where n e Nand p,, p,, p, ..., P,
eRVY xeR
4. Rational The function f defined by f(x) =
Function
m, where P(x) and Q(x) are
Q(x)
polynomial functions, Q(x) = 0
5. Modulus The function f: R — R defined by R [0, o)
Function 0
= = ’ - vV xeR
fix) = |x] {_X, oo VX€
v
6. Signum The function f: R — R defined by vh
. R |{-1,0,1} '
Function 1 0 W ——
-1, x<
ETR —f—
fix)=1 x =<1 x>0 P
0, x=0 |0, x=0 1
7.Greatest | Thefunction f:R—Rdefinedby | g 7 i
Integer |
Function X xeZ i
fix) = |x] = yinteger less than 2
equal to x,x ¢ Z =% 1
8. Linear The function f: R — R defined by R R
Function f(x) =mx + ¢, x e Rwhere mand
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ONE-MARK QUESTIONS

EACH OF THE FOLLOWING MCQ HAS ONE OPTION CORRECT, CHOOSE THE COR-
RECT ALTERNATIVE

1.

Consider the set A= {1, 2, 3}, then write smallest equivalence relation on A.

@ {} () {1, 1) © {(1,1).(2,2),@3,3)} @ {B 3

2. Consider the set A containing 5 elements, then the total number of injective functions
from A to itself are
(@ 5 (b) 25 (c) 120 (d) 125
3. LetZbe the set of integers and R be the relation defined in Z such that aRb if (a— b) is
divisible by 4, then R partitions the set Z into how many Pairwise disjoint subsets.
(@ 2 b) 3 (c) 4 (d) 5
4. IfA={d, 0, e} then the number of relations on A x A are
(@ 3 (b) 8 (c) 15 (d) 512
5. IfA={2023, 2024) then the number of non-empty relations on A x Aare
(@) 1 (b) 4 () 15 (d) 16
6. [IfA={2023, 2024) then the number of Reflexive relations on A x Aare
(@ 2 (b) 4 (c) 8 (d) 16
7. IfA={s, u, v}, then the number of Symmetric relations on A x A are
(@ 8 (b) 9 () 32 (d) 64
8. Let A be the set of the Letters of the name of our country the “INDIA”. Then find the
number of reflexive relations on A x A
(@) 4096 (b) 2048 (c) 1024 (d) 16
9. LetA={x:x%2<3, x e W}, then the number of Symmtric relations on A x A are
(@ 1 (b) 2 (c) 4 (d) 8
10. Ifthere are ‘p’elementsin setA, such that number of Reflexive relation on Ax Aare 4096,
thenp =
(@) 4 (b) 6 (c) 8 (d) 12
11. LetA={d, 0, €}, then Find ‘p’ if the number of Symmetric relations on A x Aare 2».
(@) 4 (b) 6 (c) 8 (d) 12
12. Find the maximum number of equivalence relations on the setA={1, 2, 3}.
(@ 3 (b) 5 (c) 8 d) 9
2
13. If the function f: R— {1, -1} - A defined by f(x) = T2 is Surjective, then A=
@ R (b) R—{1,-1} (c) [0,1) @) [0, ]
14. The number of injections possible from A= {1, 2, 3,4}to B={5, 6, 7} are
(@ 0 (b) 3 (c) 6 (d) 12
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15. If the number of one-one functions that can defined from A= {4, 8, 12, 16} to B is 5040,

then n(B) =
(@ 7 (b) 3 (c) 6 (d) 10

16. If the function f: R — A defined by f(x) = 3 sin x + 4cos x is Surjective, then A=
@ [-7,7] (b) [-1,1] ) [1.7] d [-5, 9]

17. The Part of the graph of a Non-Injective function f: R — Range defined by f(x) = x> —2x +
a is given below. If the domain of f(x) is modified as either (-0, b] or [b, «] then f(x)
becomes the Injective function. What must be the value of (b — a).

(@) 6 (b) 5 () 4 (d) 0

o O

18. The graph of the function f: R — A defined by y = f(x) is given below, then find A such that
function f(x) is onto function

(@ [-1.9] (b) [-5.9] (€) [-5.1] @ R

ASSERTION-REASON BASED QUESTIONS (Q.19 & Q.20)

In the following questions, a statement of assertion (A) is followed by a statement of Reason
(R). Choose the correct answer out of the following choices.

(@) Both Aand R are true and R is the correct explanation of A.
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(b) Both Aand R are ture but R is not the correct explanation of A.

(c) Aistrue but R is false

(d) Aisfalse butRis true

19. ASSERTION (A) : Arelation R = {(a, b) : |a—b| < 1} defined on the set

A={1,2, 3, 4} is Reflexive
Reason (R) : Arealtion R on the set Ais said to be reflexive if for (a, b) e R
& (b, c) € R, we have (a, c) e R.

20. Assertion (A) : Afunction f: R — R given f(x) = |x| is one-one function.

Reason (R) : Afunction f: A — B is said to be Injective if
fla)=fib) >a=b
TWO MARKS QUESTIONS

21. IfA={a, b, ¢, d}and f={(a, b), (b, d), (c, a), (d, ¢)}, show that fis one-one from Ato A.

22. Show that the relation R on the set of all real numbers defined as R = {(a, b) : a< b3} is
not transitive.

2
23. Ifthe function f: R—{1, -1} —» Adefined by f(x) = X 5 is Surjective, then find A.
1-—

24, Give an example to show that the union of two equivalence relations on a set A need not
be an equivalence relation on A.

25. How many reflexive relations are possible in a set Awhose (A) = 4. Also find How many
symmetric relations are possible on a set B whose n(B) = 3.

26. LetW denotethe setof words in the English dictionary. Define the relation R byR={(x, y)
e W x W such that x and y have at least one letter in common}. Show that this relation R
is reflexive and symmetric, but not transitive.

27. Show that the relation R in the set of all real numbers, defined as R ={(a, b): a < b?} is
neither reflexive Nor symmetric.

28. Consider a function f: R, — (7, «) given by f(x) = 16x>+ 24x + 7, where R+ is the set of
all positive real numbers. Show that function is one-one and onto both.

29. LetLbetheset of all lines in a plane.Arelation RinLis given by R={(L, L,): L, and L,
intersect at exactly one point, L, L, € L}, then show that the relation R is symmetric Only.

30. Show that a relation R on set of Natural numbers is given by R ={(x, y): xy is a square of
an integer} is Transitive.

THREE MARKS QUESTIONS

31. Are the following set of ordered pairs functions? If so, examine whether the mapping is

injective or surjective.
(i) {(x, y):xis aperson, yis the mother of x}.
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32.

33.

34.

35.

36.

37.

(i) {(a, b): ais a person, b is an ancestor of a}.

2
X
Show that the function f: R — R defined byf(x) = m ; V¥ X € R, is neither one-one nor

onto.

Let R be the set of real numbers and f: R —R be the function defined by f (x) = 4x + 5.
Show that fis One-one and onto both.

Show that the relation R in the setA={3, 4, 5, 6, 7} given by R ={(a, b) : |a—b| is divisible
by 2} is an equivalence relation. Show that all the elements of {3, 5, 7} are related to each
other and all the ements of {4, 6} are related to each other, but no element of {3, 5, 7} is
related to any element {4, 6}.

Check whether the relation R in the set Z of integers defined as R=((a, b):a+ b is
"divisible by 2"} is reflexive, symmetric, transitive or Equivalence.

Show that that following Relations R are equivalence relation in A.

(@) LetAbe the set of all triangles in a plane and let R be a relation in A, defined by
R={(T,, T,):T, iscongruentT,}

(b) LetAbe the set of all triangles in a plane and let R be a relation in A, defined by
R={(T,T,:T, issimilarT,}

(c) LetAbe the set of all lines in xy-plane and let R be a relation in A, defined by
R={(L, L,):L, isparallel toL,}

(d) LetAbe the set of all integers and let R be a relation in A, defined by
R ={(a, b): (a—b) is even}

(e) LetAbe the set of all integers and let R be a relation in A, defined by
R ={(a, b) : |a— b| is a multiple of 2}

(f) LetAbe the set of all integers and let R be a relation in A, defined by
R ={(a, b) : |a— b| is a divisible by 3}

Check whether the following Relations are Reflexive, Symmetric or Transitive.

(@) LetAbe the set of all lines in xy-plane and let R be a relation in A, defined by
R={(L,,L,): L, is perpendicular to L}

(b) LetAbe the set of all real numbers and let R be a relation in A defined by
R ={(a, b): a < b}

(c) LetAbe the setof all real numbers and let R be a relation in A defined by
R ={(a, b): a< b?

(d) LetAbe the set of all real numbers and let R be a relation in A defined by
R= {(a, b):a<b%}

(e) LetAbe the set of all natural numbers and let R be a relation in A defined by
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38.

39.

40.

41.

42.

43.

44.

45.

R =(a, b) : ais a factor b}
OR
R {(a.b): b is divisible by a}
(f) LetAbe the setof all real numbers and let R be a relation in A defined by
R{(a.b): (1+ ab) > 0}

Let S be the set of all real numbers. Show that the relation R = {a, b): a*> + b? = 1} is
symmetric but neither reflexive nor transitive.

Check whether relation R defined in R as R ={a, b): a2—4ab +3b2=0, a, b € R} is
reflexive, symmetric and transitive.

Show that the function f: (-, 0) — (-1, 0) defined by f(x) = , X € (—0, Q) is one-

_Xx
1+ x|
one and onto.

FIVE MARKS QUESTIONS

For real numbers x and y, define x Ry ifand onlyif x—y + /2 is an irrational number.
Then check the reflexivity, Symmetricity and Transitivity of the relation R.

Determine whether the relation R defined on the set of all real numbers as
R={(a b):a bcRanda-b+ 3¢S}
(Where S is the set of all irrational Numbers) is reflexive, symmetric or transitive.

Let N be the set of all natural numbers and let R be a relation on N x N, defined by Show
that R is an equivalence relation.

i) (abR(cde=a+d=b+c
(i) (a, b)R(c, d) < ad = bc

("I) (a!b)R(C,d)C>5+E_b+C
(v) (a, b)R(c, d) < ad (b +c)=bc(a+d)

X—2
LetA=R-{1}, f: A— Ais a mapping defined by f(x) = 1 show that f is one-one and

onto.
Let f: N — R be a function defined as f(x) = 4x? + 12x+ 15. Show that f: N — S, where
S is the range of f, is One-One and Onto Function.

CASE STUDIES

A person without family is not complete in this world because family is an integral part of
all of us Human deings are considered as the social animals living in group called as
family. Family plays many important roles throughout the life.

Mr. D.N. Sharma is an Honest person who is living happily with his family. He has a son
Vidya and a Daughter Madhulika. Mr. Vidya has 2 sons Tarun and Gajender and a daugh-
ter Suman while Mrs. Madhulika has 2 sons Shashank and Pradeep and 2 daughters
Sweety and Anju. They all Lived together and everyone shares equal responsibilities

30
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within the family. Every member of the family emotionally attaches to each other in their
happiness and sadness. They help each other in their bad times which give the feeling of
security.

A family provides love, warmth and security to its all members throughout the life which
makes it a complete family. A good and healthy family makes a good society and ulti-
mately a good society involves in making a good country.

On the basis of above information, answer the following questions:

Consider Relation R in the set A of members of Mr. D. N. Sharma and his family at a particular
time

(@) IfR={(x, y):xand ylivein the same locality), then R show that R is reflexive Relation.

(b) IfR={(x, y): xis exactly 7 cm taller than y}, then R show that R is not Symmetric
relation.

(c) IfR={(x, y): xis wife of y}, then show that R is Transitive only.
(o) (o)
O. o

B. LetAbe the Set of Male members of a Family, A = (Grand father, Father, Son) and B be
the set of their 3 Cars of different Models, B = {Model 1, Model 2, Model 3}

GRAMD FATHER MODEL 1

FATHER
MODEL 2

MODEL 3

On the basis of The above Information, answer the following questions:

(@) If m & n represents the total number of Relations & functions respectively on A x B,
then find the value of (m + n).

(b) If p &qrepresents the total number of Injective function & total numbers of Surjective
functions respectively on A x B, then find the value of |p —q|.

C. An organization conducted bike race under two different categories—Boys & Girls.

There were 28 participants in all. Among all of them finally three from category 1 and

two from category 2 were selected for the final race. Ravi forms two sets B and G with
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these Participants for his college Project.

Let B ={b1, b2, b3} and G = {g1, g2}, represents the set of Boys selected & G the set
of Girls selected for the final race.

i |
'

(@) How many relations are possible from B to G?

(b) Among all possible relations from B to G, how many functions can be formed from
B to G?

(c) LetR:B — B be defined by
R ={(x, y) : x & y are students of same sex}. Check R is equivalence Relation.
OR
A function f : B — G be defined by f={(b,, 9,), (b,, 9,). (b,, 9,)}

Check if f is bijective. Justify your answer.

SELF ASSESSMENT-1

EACH OF THE FOLLOWING MCQ HAS ONE OPTION CORRECT, CHOOSE THE COR-

RECT ALTERNATIVE:
1. Consider the setA={1. 2, 3} and R be the smallest equivalence relation on A.then R =
@ {(1.1)} (b) {(1.1),(2.2)}
(c) {(1.1).(2.2),(3.3)} @ ¢
2. Consider the set A containing n elements. Then, the total number of injective functions
from A onto itself is
@ 2 () n
() n d) n
3. The total number of injective nappingsfrom a set with m elements to a set with n elements,
m<nis
(@ n (b) nm
n!
(© m @ G my
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4.

The number of injections possible from A={1,3,5,6} to B ={2,8,11} is
(@ 12 (b) 22

(c) 3 (d 0

The number of one-one functions that can defined from

A ={4,8,12,16} to B is 5040, then n(B) =

@ 7 (b) 8
() 9 (d) 10
SELF ASSESSMENT-2
EACH OF THE FOLLOWING MCQ HAS ONE OPTION CORRECT CHOOSE THE COR-
RECT ALTERNATIVE.
1. Arelation RinasetAiscalled .............. if (a,, a,) € Rimplies (a,, a,) e R, for all a,, a,e
A.
(@) Reflexive (b) Symmetric
(c) Transitive (d) Equivalence

1
Let f: R— {0} > R — {0} be defined by f(x) = ;Vx e R. Then fis

(@) One-One (b) Many-One

(c) Notdefined (d) None of these
LetP={(x,y) | x*+y*=1,x, y e R}. Then P is

(@) Reflexive (b) Symmetric

(c) Transitive (d) Equivalence

The function f: R — R defined by f(x) = [x], where [.] is greatest integer function is
(@) One-One (b) Many-One

(c) Onto (d) None of these

The number of bijective functions (One-one and onto both) from set A to itself when A
contains 2022 elements is

(@) 2022 (B) 2022!
(C) 20222 (D) 202222

[Class XII : Maths] 33



ANSWER
One Mark Questions

1. (©){(1,1),(2,2), (3,3)} 2. (c)120 3. (c)4
4. (d)512 5. (c)15 6. (b)4
7. (d)64 8. (a)4096 9. (d)8
10. (a)4 11. (b)6 12. (b)5
13.(c)[0,1) 14. (a)0 15. (d)10
16. (d) [-5,5] 17. (a)6 18. (a)[-1,5]
19. (c) 20. (d)

Ais true but R is false Ais false but R is true

Two Mark Questions
23.A=R-[-1,0)
25. Reflexive Relations = 4096 Symmetric Relation = 64
Three Mark Questions
31.(a) Yesit's function, Not Injective but Surjective (b) No, its not a function
35. EQUIVALENCE RELATION
37.(a) Symmetric (b) Reflexive and Transitive
(c) Neither Reflexive, Symmetric nor Transitive
(d) Neither Reflexive, Symmetric nor Transitive
(e) Reflexive and Transitive
() Reflextive and Symmetric
39. Reflexive only
Four/Five Mark Questions

41. Reflexive only 42. Reflexive only
CASE STUDIES BASED QUESTION
B. (a) 512 +27 =539 B.(b)O0
C.(a)64
(b)8

(c) Ris an Equivalence Relation OR (c) f is not Bijective
SELF ASSESSMENT-1

1. () 2. (d) 3. (d) 4. (d) 5. (d)
SELF ASSESSMENT-2
1. (b) 2. (a) 3. (b) 4. (b) 5. (b)
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CHAPTER-2
INVERSE TRIGONOMETRIC FUNCTIONS

An example of people using inverse trigonometric functions would be builders such as
construction workers, architects, and many others.

An example of the use would be the creation of bike ramp. You will have to find the height and
the length. Then find the angle by using the inverse of sine. Put the ength over the height to
find the angle. Architects would have to calculate the angle of a bridge and the supports
when drawing outlines. These calculations are then applied to find the safest angle. The
workers would then uses these calculations to build the bridge.

TOPIC TO BE COVERED AS PER CBSE LATEST CURRICULUM (2025-26)

+ Definition, range, domain, principal value branch.
» Graphs of inverse trigonometric functions.
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Function Domain Range
-T T
=sin™" x -1,1 -5
y -1, 1] { 5 2}
y =cos™ x [-1, 1] [0, w]
=tan™' x R -
g ( 2 2)
y =cot™ x R (0, )
Y
y=sec x R-(-1,1) [0, m] - {5}
-T T
y = cosec™ x R-(-1,1) {7 E} -{0}
T T
* whenxe[-1,1] + sin™ (sin x) = x, when x € {—E E}
sin-' x + cos—' x = % _ + cos™ (cos x) = x, when x € [0, 7]
. h R T T
when x € * tan” (tanx)=x,whenx e | =55
tan~' x + cot' x = % ) + cot™' (cot x) = x, when x < (0, )
. — (= m T
when x e R—(-1,1) + cosec™ (cosec x) = x, when x e [_E’ E} -{0}
T
sec™ x + cosec™! x = 2 i
+ sec' (sec x) =x,when x € [0, ©] — 5}

* sin(sin™ x) = x, when x € [-1, 1]

* cos (cos™ x) = x, when x € [-1, 1]

+ tan(tan' x)=x,when x e R

+ cot(cot' x) = x, when x € R

+ cosec (cosec™' x)=x,whenx e R— (-1, 1)
+ sec(sec’'x)=x,whenx e R-(-1,1)
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e sin” (-x) = —sin~'x, when x € [-1, 1]

* cos™ (=x) = n—cos™'x, when x € [-1, 1]

+ tan™' (-x) =-tan”'x, when x € R

+ cot' (—x)=n—cot'x, when x e R

+ cosec™ (—x) =—-cosec™'x, when x e R (-1, 1)
+ sec' (—x)=n-sec'x,whenx e R(-1,1)

lllustration:

1 —1
Find the principal value of sin™’ (Ej + cos™ (—j )

H '—11—'—1 sinn_nﬁe__nz
Solution: As, sin o )= sin 6) =66 55

_1 1 T T
cos™ o =x—cos™ 2 =n—§,§e[0,n]

._1(1)+ B [—_1]_£+ m_x, 2t _5¢
SO, SIn 2 COS 2 = 6 T — 3 = 6 3 6

lllustration:

1
Find the principal value of sec™ (2) + sin™’ (E] +tan (-/3).

1
Solution: As, sec™(2) = cos™ (E]

tan™ (-+/3 ) =—tan"' (/3 ) =—tan™ (tan g) o

w3

1 _ 1 T T T
cos(zj + sin™ (Zj +tan1(—\/§)—§—§—g

38
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lllustration:
Find the range of the function f(x) = tan™" x + cot™" x.

Solution: As, tan™' x + cot™" x = g
so, f(x) = % (A constant function)

T
Thus range of f(x) is {5} .

lllustration:

2
If sin”" x +sin”'y = ?n then find the value of cos™ x + cos™ y.

. . b T .
Solution: As, sin™' x + cos™ x = 2 =| cos' x= 2" sin~' x

—1 + —1 = _ in-1 + sin™! = _E:E
cos'x+cos'y=n—(sin" x+sinty)=n 3 3

lllustration:

If a<2sin™ x + cos™ x < b, then find the value a and b.

Solution: We know that, sin-' x + cos™ x = g and _7“ <sin~'x g ,

= 0<(sin'x)+ gSn

= 0<(sin'x)+sin"x+cos'x<n
= 0<2sin" x+cos™ x<m, butgiven, a<sin™, x+cos' x<b

|Thus,a:0andb:n |
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lllustration:
If sin[cot™ (1 + x)] = cos[tan™" x], then find x.

Solution: As, sin[cot™ (1 + x)] = cos[tan™" x]

1 1
= sin[sin"' ——=——=1] = cos|cos™ ]
VX% +2x+2 1+ x?

= X+2x+2=1+x

R EET

lllustration:

2

Solution: Let, tan”" x= A, tan”'y=B,tan”"z=C

T T
so,A+B+C—§ :»A+B—§—C

T
tanA+B)—tan(§— j=cotC
tanA+tanB 1 x+y 1

1_tanAtanB _ tanC _ 1-xy z

= xz+yz=1-xy

= |xz+yz+zx=1 |

If tan”' x + tan™' y + tan™" z = E, then prove that xy + yz+ zx = 1.

ONE MARK QUESTIONS

1. Principal Value of cos™ [%J +cos™ (;j is

T T
@r ® 3 © F © 5

2. Principal Value of sin™ (sin%} is

40
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10.

1.

3 2 Ld
(@) () 5 © 5 (@)

_ 147
Principal value of COS (COST) is

4n 2r
@) 3 (b) 3 (c) T (d)

o _ 7 a
If the Principal value of tan 1(tan Fn) is Fn’ Where a & b are co-prime numbers,

then(a+ b )=
(@) 13 (b) -13 (c) 7 (d)

5

2n . . 21, an
If the Principal value of cos™' (COS ?) + sin” (S|n?) is F,then la-b|=

@o?o (b) 1 (c) 2 (d)
If cos(cos™ %+ sin”' x) = 0, then (3x +1)=

@@ o0 (b) 1 (c) 2 (d)
If sin(sin™’ %+ cos™' x) =1, then (5x-2)=

(@) 0 (b) 1 (c) 2 (d)
Domain of the function cos™ (2x —1) is

@R (b) [-1.11 () [0.11  (d)

Domain of the function f(x) = sin™' v/x —1is

@121 () [-1.11 () 0.1 (@)

. 1
Principalvalueofse0‘1(2)+S|n 2 +tan

2n

(b) - (0

@ :

T T
3 5 (©)
Domain of the function f (x) = cos' VX +1 is

@(1.2] (b [-1.0] (c) 0.1 ()

4

[0,2]

[0,2]

\/_)IS

r
6

[0,2]
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12. Domain of the function f (x) = sin™" (—x?) is
@f[1.2] (b [-1.0] (c) 0.1 (@@ [-1.1]
13. Domain of the function f(x) = sin~'(2x + 3)is
@) [-2.2] (b) [-2,-1] (c) 0.1 (@) [-1.1]
14. If Domain of the function f (x) = sin~'(x>*—4) is [-b, —a] U [a, b] then the value of (a? +b?)
is.
(@8 (b) 3 (c) 5 (d) 4
15. If sin”' x, + sin™' x, =7, then the value of (x, + x,) is
(@0 (b) 1 (c) -1 (d) 2
16. If cos™ a+cos™ b =27, then the value of (a —b)? is
@~ (b) 1 (c) -1 (d) 4
1
17. ~[si =)=
cos™'[sin(cos 5 )]
Ty Tooa I
@) 6 (b) 3 (©) 5 (d) 3
- . 34n,
18. Principal value of sin-' (COS T) is
T o’ 3n -3n
_ b _ it d _
(a)5 (b) 10 (©) 10 @ 10
19. If cot (cosﬂ%) =x,then \/24x +2 =
(@) 1 (b) 2 (c) 3 (d) 4
4n T
20. Iftan" x+tan'y =?& cot'x+cot'y =?,then k=
(@) 1 (b) 2 (c) 3 (d) 4
2023 2023
21. z cos™ x, =0, then the velue of z X, is
i=1 i=1
@ao (b) 1 (c) 2023 (d) —2023
42 [Class XII : Maths]



2024 2024

22. If D sin” x =1012x , thenthe value of > X, is
i=1 i=1

(@ 1012 () 2024 (c) 1012 (d) 2024
1
23.  If graph of f (x) is shown below, identify the function f (x) & find the value of f (=)-
Ay
|
|
— = - -
(@) 5 () 5 (© 3 @ 3

ASSERTION-REASON BASED QUESTIONS (Q.24 & Q.25)

In the following questions, a statement of assertion (A) is followed by a statement of Reason

(R). Choose the correct answer out of the following choices.
Both Aand R are true and R is the correct explanation of A.
Both A and R are true but R is not the correct explanation of A.
A'is true but R is false.

Ais false but R is true.

,\A,\A
o o Q
=S O

3n
24. ASSERTION (A): The range of the function f(x) = sin”'x + ? where

x e[-11], is[r, 2r] .

REASON (R): The range of the principal value branch of sin-'x is [0, 1t ].

25. ASSERTION (A): All trigonometric function have their inverses over their respective do-

mains.
REASON (R): The inverse of tan-"x exists for some xe R.

TWO MARKS QUESTIONS
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26. Match the following:

If cos™'a + cos™'b = 2r and sin~'c + sin~'d = n then

Column1 Column 2
A abcd P 0
B a2+ b2+ ct+ P Q 1
C (d—a)+(c—d) R 2
D a+b+ci+ P S 4

27. Find the value of cos{cos‘1 [cosss—nj +sin” [sin%ﬂ

28. If P=tan?(sec™ 2) + cot? (cosec™ 3), then find the value of (P? + P + 11).
29. If P=sec?(tan™' 2) + cosec? (cot™' 3), then find the value of (P?— 2P).

(1 _
30. Find the value of sin| —cot™ 3 . Hint;singz 1-cos®
2 4 2 2
31. Solveforx: tan ' [x(x+1) +sin”'Vx% + x + _I
Je(xe1)+sin .
32. Find the value of x, such that sin-'x = %Jr cos ™" x.
. . . T
33. Find x, if sin"'x—cos'x = 2
34. Iftan™'(cot x) = 2x, find x.
35. Solve for x: cos™ (cosi—nJ+sin1 (sin%} =X
THREE MARKS QUESTIONS
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36.
37.

38.

Find the value of k, if 100 sin(2 tan~' (0.75)) = k

Prove that:
J1+sinx +A-sinx | x ( nj
t-1 =—,xe|0, —
(@) co [\/1+sinx—\/1—sinx 2 4

m—«/GJ x 1

by tan”| 2"V "2 =2 _ _cos ' x
®) [\/1+x—\/1—x 4 2

(c) tan™ (%sin1 E) _4 _3ﬁ

4
(d) sin”" (Ztan1 (ED = 12
3 13

x? +1

(a) Prove that costan~{sin(cot™" x)}] = ,| =
X +2

(b) Prove that tan(E + L oos™ ij + tan[E 1 cos ij _2
4 2 b 4 2 b a

[2 .2
(c) Prove that tan T dan 18 s tan| B - dan1 8| o 2VE £bT
4 2 b 4 2 b b
(d) Prove that : tan™" RALE St b 8 I S PONRN
+x+1-x) 4 2

(e) Prove that : tan™" J1+cosx+1—cosx T X xe (O, Ej
J1+cosx —/1-cosx ) 4 2 2

[Hint: sin20 = 2sin6 cos6]
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() Prove that: cot™ Vi sinx +V1-sinx :—,XE(O, Ej
J1+sinx =1-sinx | 2

39. Solveforx:
(@) sin”'(6x)+sin~'(6+/3x) :g
(b) Solve for x : sin”'(6x)+sin~"(6+/3x) = ‘7“

5

() (tan™"x)? + (cot ' x)* = 5

40. Solve for x: cos(tan™ x) = sin(cot‘1 %) x>0

FIVE MARKS QUESTIONS

lllustration: (For Solving Q.41)

If cos™ x + cos™ y + cos™" z = x, then prove that x? + y? + 22 + 2xyz = 1.
Solution: Let, cos™" x=A,cos'y=B,cos'z=C

so,A+B+C=n = A+B=n-C

Thus, cos(A + B) = cos(n— C)

= Cc0sA cosB - sinA sinB = —cosC

= cosA cosB - \1-cos? A\1-cos? B = —cosC
= xy—\/1—x2 \/1—y2=—z
= (xy+2)=V1-x* 1-y?

On squaring both the sides, we get
(xy+2z22=(1-x)(1-y)

= + 224+ 2xyz=1-x2— y? £ 2277
| X2+ Y2+ 722+ 2xyz =1 |

41. Prove the following:

2 2
(@) If cos™ (gj +cos™ [%) = a, then prove that X—2+ 'Z—Z—%COSOL =sin’a
a
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(b) If cos™ (gj +cos™ (%) = 0, then prove that 9x2 + 4)? — 12xy cos60 = 36 sin?0.

42. Prove the following:

@) If tan"'x+tan"'y +tan”" z = i, then prove that x + y + z= xyz
@) If cot™' x+cot™ y +cot™ z =, then prove that xy + yz + zx = 1

CASE STUDIES

43. On National Mathematics Day, December 22, 2020,
Mathematics Teachers of DOE organized Mathematical
Rangoli Competition for the students of all DOE schools
to celebrate and remembering the contribution of
Srinivasa Ramanujan to the field of mathematics. The
legendary Indian mathematician who was born on this
date in 1887.

Team A of class Xl students made a beautiful Rangoli on Trigonometric Identities as
shown in the figure Above, While Team B of class XlI students make the Rangoli on the
graph of Trigonometric and Inverse Trigonometric Functions. As shown in the following
figure.

FEL T -f"'

- A
T

- -
= £

On the basis of above information, Teacher asked few questions from Team B. Now you try to
answer. Those questions which are as follows:

(@) Write the domain & range (principal value branch) of the function f (x) =tan-' x?

(b) If the principal branch of sec™'x is [0,7]- {k 7}, then find the value of k.

(c) Draw the graph of sin~' x, where x € [-1,1]. Also write its Principal branch Range.
SELF ASSESSMENT-1

EACH OF THE FOLLOWING MCQ HAS ONE OPTION CORRECT, CHOOSE THE COR-
RECT ALTERNATIVE.

1. If cos(cos‘1 % +sin”’ xj =0, then (3x—1)
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@ o (b) 1
() —1 d) 2

Domain of the function cos™ (g—q is

(@ [0,2] () [-1,1]

(¢) [0, 1] d [0, 4]

If cos™'a + cos™'b = 2r and sin~'c + sin"'d =, then @ + b> + ¢ + d? =
@ o (b) 1

() 2 (d) 4

The principal value of cos™ (00323_”) +sin™! (sin%) is

@ o (b) =

4n

(c) 2n @ 3

1
If cos™! (;) =0, then tan@ =

(@ x (b) x2+1
(€) Vx?+1 d) ~x?-1
SELF ASSESSMENT-2

EACH OF THE FOLLOWING MCQ HAS ONE OPTION CORRECT, CHOOSE THE COR-
RECT ALTERNATIVE.

1.

3
If sin”'x + sin”'y + sin”'z = ?n then (x® + y® + 22 — 3xyz) =

@ o (b) 1
(c) -1 d) 2
2. Principal Range of the function sin~'x is
@ [0, ] (b) (0,m)
—T T - T
() {75} () (7’§j
3. If cos™ (coss—nj+sin1(sin@j: X, then x =
3 3
@ 0 b) =
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© = @ 5
4. If sin”' (£j+cosec‘1 (éj:f, then x =
5 4) 2
@ o (b) 1
() 2 d 3
5. Range of f(x) =sin”'x + tan~'x + sec”'x is
22 e
(a) 4’ 4 ( ) 4’ 4
n 3n T T
©) {ZT} D) [Z'Ej
ANSWER
One Mark Questions
1 on 2 b 2n 3 b 2n
@ SOR- ) 5
4. (¢) 7 5. (@ O 6. (c) 2
7. (b) 1 8. (¢) [0, 1] 9. (a) [1.2]
o
10. (d) E 1. (b) [-1,0] 12.  (d) [-1,1]
13.(b) [-2,-1] 14. (@ 8 15. (d) 2
16 0 17 z 18 —_375
(a) . (a) 6 - 10
19.(c) 3 20. (a) 1 21. (c) 2023
2n
22.(b) 2024 23. (d) ? 24. (c) AistruebutRis
false. 25. (d) Aisfalse but R is true.
Two Marks Questions
26,A->Q,B—>S,C>RD->P 27.1
1
28. (P?+ P+ 11)=143 29. (P*-2P)=195 30. ﬁ
31.x=0o0r-1 32. g 33. 1
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34. 35. ©

ola

Three Marks Questions

1
36. 96 39. (a)x—ﬁ (b)x—E (c)x=-1

40.x =

Njw

CASE STUDIES BASED QUESTION

43.(a) Domain=R = (—o0,),Range = ( ) (b) k=05

N3

-
2

SELF ASSESSMENT-1

1. (b) 2. (d) 3. (d) 4. (b) 5. (d)
SELF ASSESSMENT-2
1. (@) 2. (o) 3. (a) 4. (d) 5. (c)
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CHAPTER-3
MATRICES

Matrices find many applications is scientific field and apply to practical real life problem.
Matrices can be solved physical related application and one applied in the study of electrical
circuits, quantum mechanics and optics, with the help of matrices, calculation of battery
power outputs, resistor conversion of electrical energy into another useful energy, these matrices
play a role in calculation, with the help of matrices problem related to Kirchhoff law of voltage
and current can be easily solved.

5 5 -'.I 0 ; 1]
Wia)= : I coso rinr-]

l!|1 s oo

e o B . -,
. -

comer 0 elne awe —aine 0y
M) = n 10 | M. [ na coma O
=gina 0 cea iF 1 l.I

Ve PR =

¥ — P

.

Matrices can play a vital role in the projection of three dimensional images into two dimensional
screens, creating the realistic decreeing motion. Now day’s matrices are used in the ranking
of web pages in the Google search. It can also be used in generalization of analytical motion
like experimental and derivatives to their high dimensional.

Matrices are also used in geology for seismic survey and it is also used for plotting graphs.
Matrices are also used in robotics and automation in terms of base elements for the robot
movements. The movements of the robots are programmed with the calculation of matrices
‘row and column’ controlling of matrices are done by calculation of matrices.

TOPIC TO BE COVERED AS PER CBSE LATEST CURRICULUM (2025-26)

» Concept, notaion, order, equality, types of matrices, zero and identity matrix, transpose
of a matrix, symmetric and skew symmetric matrices.

» Operation on matrices: Addition and multiplication and multiplication with a scalar. Simple
properties of addition, multiplication and scalar multiplication.non commutativity of multi-
plication of matrices and existence of non-zero matrices whose product is the zero
matrix (restrict to square matrices of order 2).

* Invertible matrices and proof of the uniqueness of inverse, if it exists; (Here all matrices
will have real entries).
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Matrices are defined as a rectangular arrangement of numbers of functions. Since it is a
rectangular arrangement, it is 2-dimensional.

A two-dimensional matrix consists of the number of rows (m) and a number of columns (n).
Horizontal ones are called Rows and Vertical ones are called columns.

M A Ti—— Row 1
H § | |—— Row?2

\D O El—* Row 3

!

Column 1 Column 3

A=

Column 2

ORDER OF MATRIX

The order of matrix is a relationship with the number of elements present in a matrix.

The order of a matrix is denoted by m x n, where m and n are the number of Rows and
Columns Respectively and the number of elements in a matrix will be equal to the product of
mand n.

TYPES OF MATRICES

Row Matrix

A matrix having only one row is called a row matrix.
Thus A=[A
It is called so because it has only one row and the order of a row matrix will hence be 1 x n.

is a row matrix if m = 1. So, a row matirx can be represented as A=[A.

y']mxn iA1xn

For example,

A=[1 2 3 4]isrow matrix of order 1 x 4. Another example of the row matrix is
B=[0 9 4]whichis of the order 1 x 3.

Column Matrix

A matrix having only one column is called a column matrix. Thus, A = [A is a column

matrix if n = 1.

y'] mxn

Hence, the order is m x 1. An example of a column matrix is:

M

1 A

A=12|,B= T
3

H

In the above example, A and B are 3 x 1 and 4 x 1 order matrices respectively.
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Square Matrix

If the number of rows and the number of columns in a matrix are equal, then it is called a
square matrix.

Thus, A= [Aij]mxn is a square matrix if m = n; For example is a square matrix of order 3 x 3.
1 2 3
A= 4 5 6
7 8 9

For Additional Knowledge:

The sum of the diagonal elements in a square matrix A is called the trace of matrix A, and
which is sdenoted by tr(A);

tr(A)=a,+a,+..+a_

Zero or Null Matrix

If in a matrix all the elements are zero then it is called a zero matrix and it is generlly denoted
by O. Thus, A=[A] is a zero-matrix if a;= 0 for all j and j; For example

jiAmxn

0

00
A= O’B:[o 0]
0

Here A and B are Null matrix of order 3 x 1 and 2 x 2 respectively.
Diagonal Matrix

If all the non-diagonal elements of a square matrix, are zero, then itis called a diagonal matrix.

Thus, a square matrix A = [ay.] is a diagonal matrix if a, = 0,wheni=#j;

A, Band C are diagonal matrix of order 3 x 3, and D is a diagonal matrix of order 2 x 2.
Diagonal matrix can also be denoted by A = diagonal [2 3 4], B=diag[2 0 4], C=[0 0 4]

Important things to note:

(i) A diagonal matrix is always a square matrix.

(i) The diagonal elements are characterized by this general form: a; where i = . This
means that a matrix can have only one diagonal.
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Scalar Matrix

If all the elements in the diagonal of a diagonal matrix are equal, it is called a scalar matrix.
Thus, a square matrix A = [a,./.] is a scalar matrix if
0, i=j .
A= [a,.j.] = K Q=] Where, k is constant.

For example A and B are scalar matrix of order 3 x 3 and 2 x 2 respectively.

,B:(_g _°7j

Unit Matrix or Identity Matrix

20
A=|0 2
00

N © O

If all the elements of a principal diagonal in a diagonal matrix are 1, then it is called a unit
matrix.

A unit matrix of order n is denoted by / . Thus, a square matrix A = [a,.j]mxm is an identity matrix
if

0, i#j
A=lal= 1y i=]

For example /, and /, are identity matrix of order 3 x 3 and 2 x 2 respectively.

10
,I:
<o

+ All identity matrices are scalar matrices

3

10
IL,=10 1
00

- O O

+ All scalar matrices are diagonal matrices

+ All diagonal matrices are square matrices

Triangular Matrix

A square matrix is said to be a triangular matrix if the elements above or below the principal
diagonal are zero. There are two types of Triangular Matrix:

Upper Triangular Matrix
A square matrix [a,.j] is called an upper triangular matrix, if a,= 0, wheni>j.

D O E

A= |0, D Ol isanupper triangular matrix of order 3 x 3.
0-20 E
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Lower Triangular Matrix

A square matrix is called a lower triangular matrix, if a= 0, wheni>j.

D 00
A=|0 Db
E O E
is a lower triangular matrix of order 3 x 3.
Transpose of a Matrix

Let A be any matrix, then on interchanging rows and columns of A. The new matrix so obtained
is transpose of A donated A" or A'.

[order of A =m x n, then order of AT =n x m]

Properties of transpose matrices A and B are:

@ (A=A (b) (kA)" = kAT (k = constant)
() (A+B)T=A"+B" (d) (AB)"=B". AT

Symmetric Matrix and Skew-Symmetric matrix

* Asquare matrix A = [a] is symmetric if AT=Ai.e. a;=a,V iand
* A square matrix A = [a,.j] is skew-symmetric if AT=—Ai.e. a,=—-a\Vv iand j

(All diagonal elements are zero in skew-symmetric matrix)

lllustration:

Ais matrix of order 2022 x 2023 and B is a matrix such that ABT and BT A are both defined,
then find the order of matrix B.

Solution: Let the order of matrix be R x C, So,
(A)29x2003 (BT = C=2023 (As AB"is defined)
(BN oxr (A) = R=2022 (As B" Ais defined)
Thus order of matrix B is (2022 x 2023).

CxR

2022%2023

lllustration:

If Ais a skew symmetric matrix, then show that A? is symmetric.
Solution: As A is skew-symmetric, AT = -A
(A2)T=(AA)T=ATAT=(-A) (-A) = A2

As (A2)T = A2

= Thus, A? is symmetric.
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lllustration:

1 -1 3 4 a b
If 5 3 +X = 5 6 » where X = c d then find the valueof a+ c— b —d.

Soluti 1 -1 . a b) (3 4
olution: As, 5 3 c dl |5 6/
a b) (3 4) (1 -1)_(3-1 4+1
=~ lc d) \56) |2 3) (5-2 6-3
a by (25
= |c d) (3 3
On compairing the corresponding elements, we get,

a=2,b=51c¢=3,d=3
Thus,a+c-b-d=5-5-3=-3

lllustration:

If A is a diagonal matrix of order 3 x 3 such that A% = A, then find number of possible
matrices A.

Solution: As, A is a diagonal matrix of order 3 x 3

a 0o
Let, A= [0 b O
0 0 ¢
a’ 0
= A?= b2 0
0 ¢?
a 00 a2 0 o0
AsA2=A = |0 b 0|=|0 b* O
0 0 ¢ 0 0 ¢?

So, a =0 or -1, similarly b and ¢ can take 2 values (0 and —1).

Thus, total number of possible matrices are 2 x 2 x 2 = 8.
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ONE MARK QUESTIONS

EACH OF THE FOLLOWING MCQ HAS ONE OPTION CORRECT, CHOOSE THE

CORRECT ALTERNATIVE.
1. 1fA=[a.],.. = O.wheni = then A2=
C T2 T penj
@ 00 o) 10 © 0 1 @ 11
a C
00 0 1 10 11
2. I1fA=[a;],., = Owheni = then A2025 =
COTERe Ty henj 2

()[o oj o (10 o [0 o [1
a C
00 0 1 10 11

10 0
3. IfA:(2 ],Bz[: 1jandA=B2,thenxequals

@ +1 (b) 1 (©) -1 d) 2
1 x*-2 3
4. fA=|7 5 7 |be a symmetric matrix, then x equals
3 7 -5
(@) +3 b) +2 © +2 @ o
0 x*+6 1
5. If A=|-5x x2-9 7 |bea skew -symmetric matrix, then x equals
-1 -7 0
@ 4+3 (b) 3 () -3 @) 0

2y-7 0 O
6. IfA=] O x—3 0| be ascalar matrix, then (x+y) equals
0 0o 7

(@ 7 by 14 (c) 16 (d) 17

[Class XII : Maths] 57



7. If Alis matrix of order 2023 x 2024 and B is a matrix such that AB’ and B’A both are
defined, then the order of matrix B is
(@) 2023 x 2024 (b) 2023 x2023 (c) 2024 x2024 (d) 2024 x2023
8. If Alis matrix of order 2023 x 2024 and B is a matrix such that AB and BA both are
defined, then the order of matrix B is
(@) 2023 x 2024 (b) 2023 x 2023 () 2024 x2024 (d) 2024 x2023
2 0 y—x
9. IfFA=|x+y-2 3 0 |be adiagonal matrix then (xy) equals
0 0 4
a 1 b) 2 () 3 (d) 4
10. If all entries of a square matrix of order 2 are either 3, -3 or 0, then how many Non-zero
matrices are possible?
(@) 80 (b) 81 (c) 27 (d) 64
11. If all entries of a square matrix of order 3 are either 1 or 0, then how many Diagonal
matrices are possible?
(@) 512 b) 8 (b) 6 d) 2
12. If all entries of a square matrix of order 3 are either 3 or 0, then how many Scalar matrices
are possible?
@ 1 (b) 8 (c) 6 @ 2
13. If all entries of a square matrix of order 3 are either 5 or 0, then how many Identity
matrices are possible?
(@ 1 b) 8 () 2 d) 0
14. If there are five one’si.e. 1,1, 1,1, 1 & four zeroes i.e. 0, 0, 0, 0, then total number of
symmetric matrices of order 3 x3 possible?
(@ 10 (b) 12 (c) 3 d) 9
1 2 4
15. If X +y = , then
2 5 9
(@ x=1,y=2 (b) x=2, y=1 () x=1, y=—1 (d) x=3,y=2
a bla -b
16. The product , is equal to
P -b a)\b a a
a® +b? 0 a’+b®> 0
@) 0 a’+b? ) a*+b*> 0
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17.

18.

19.

20.

21.

22.

23.

a®+b®> 0 10

If Ais a square matrix such that A% =/, then (A—/)3.+ (A +[)®* —7A is equal to
(@ |1 by A (c) 3A-1 d A-1

If Aand B are two non-zero matrices such that AB = A, BA=B and (A + B)® = k (A+ B),
then k is equal to

@ 1 () 2 (c) 4 d 8
If Ais a square matrix such that A2 = A, then(A + /)2-3A is equal to
(@ |1 b)) A (c) 2A (d) 3/
If a matrix A= (1 2 3), then the matrix A.A’ (where A’ is the transpose of A) is
3
2

@ (123),, (©) (14),,, © ()., (d)

3x1

3 4
If A= (5 2] and 2A + B is a null matrix, then B is equal t0]

@ [3 4] o) [—3 —4] © (—6 —8) o
5 2 -5 -2 -10 -2
-6 -8
(—10 —4)
If A= ( 01 ;J and (3/+4A) (3/-4A)=x?1, then value of x is/are

(@) +3 b +7 © +5 @ o

2 8
IfA = (6 4] = P+ Q,where P is a symmetric and Q is a skew-symmetric matrix,

then Q is equal to

@) 26 (b) 0 1 (c) 0 2 (d)
8 4 -1 0 2 0

0 -2

2 0
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ASSERTION-REASON BASED QUESTIONS (Q.24 & Q.25)
In the following questions, a statement of assertion (A) is followed by a statement of Reason

(R). Choose the correct answer out of the following choices

(@) Both Aand R are true and R is the correct explanation of A.
(b) Both Aand R are true but R is not the correct explanation of A.
(c) Aistrue but R is false.
(d) Aisfalse but Ris true.
o 1 -2
24. ASSERTION: MatrixA =| -1 1 3 |is a skew-symmetric matrix.
2 -3 0
REASONING: A matrix A is skew-symmetric if A' = -A.
1 4 4 2
25. ASSERTION : For matrices A = and B = ,
2 3 9 1
(A+B)(A-B)=A2-AB+BA-B?
REASONING : Matrix multiplication is not commutative.
TWO MARKS QUESTIONS
26. If Ais a square matrix, then show that
(@) (A+ A")is symmetric matrix.
(b) (A - AT)is symmetric matrix.
(c) (AAT)is symmetric matrix.
27. Show that every square matrix can be expressed as the sum of a symmetric and a skew-
symmetric matrix.
28. If A and B are two symmetric matrices of same order, then show that
(i) (AB - BA) is skew-symmetric Matrix.
(i) (AB+ BA) is symmetric Matrix.
0 6 7 01 1 2
29. (@) IfA=|-6 0 8|,B=|{1 0 2|,C=|-2]|. Verifythat (A+ B)C=AC + BC.
7 -8 0 120 3
1 1
10 -1 1 3 3
(b) fA+B= 11 and A-2B= 0 -1 then show that A = 2 1
3 3
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i 0 0 i
30. IfA=[0 _1] andB={i 0} show that AB = BA

i . ] 5 4 1 -2
31. Find a matrix X, for which 11 x:1 3

32. If A and B are symmetric matrices, show that AB is symmetric, if AB = BA.
33. Match the following:
Possible Number of Matrices (A)) of order 3 x 3 with entry 0 or 1 which are

Condition No. of matrices
(1) | A, is diagonal Matrix P 20
(2) | A, is upper triangular Matrix Q 2
(3) | A, is identity Matrix R 28
(4) | A, is scalar Matrix S 26

cosx -—sinx , cos3x -—sin3x
34. IfA= SinX  COSX then prove that A3 = sin3x  cos3x |-

35. Express the following Matrices as a sum of a symmetric and skey-symmetric matrix.
(Note: Part (b) and (c) can be asked for one marker, SO THINK ABOUT THIS!)

1 2 3 12 5 0 2 -3
@A=|2 5 7 byAa=|2 5 7 ©A=|2 0 4
2 -4 -5 57 -5 3 4 0

2 3
36. Show that the Matrix A = (1 2] satisfies the equation A2—4A +| =0.

11
37. Find the values of xand y, if A = [1 J satisfies the equation A% + xA + y/ = 0.
2 3
38. Find f(A),if A= 11 such that f(x) =x2-3x+5
5 4
39. Find A%if A= 117

_ , n CosX -—sinx
40. Find 2A%? when x = § where A = sinx cosx |-

[Class XII : Maths] 61



41.

42.

43.

44.

45.

46.

47.

THREE MARKS QUESTIONS

LetP= and Q = [g,] be two 3 x 3 matrices such that Q = F° + /,, then Prove

Qo1+ 0
that [—21 31j=1o.
a3z

Construct a 3 x 3 matrix A = [a,./.] such that

O W -
w =~ O
-~ O O

i+j, i>] 2 P>
@ aj=4 - i=] (b) @y =<ij; i=]
3 i<

2 2. . . 2,_3
(C)aij:{l + /7 /¢] (d)aij:%
0; i=]

(e) aj = [L} where [.] represents Greatest Integer Function.
J

cosO isind

cos20 isin20 .
IF A = [isine cose]’ then prove that A2 = ( j where i = -1
If A = (

isin20 cos20

2 3
1 92 » evaluate A% —4A2 + A.

cosx -sinx O

If fix)=| sinx cosx O/, then prove that f(x).f(y) = f(x + y)
0 0 1

700 = ———| ), Prove that fx) fiy) = 7| "X |. Hence show that f(x).f(—x)
J1—2l—x 1) V. 1+xy ) '

=1, where |x] < 1.
FIVE MARKS QUESTIONS
0 2y =z
Find x, yand zif AT=A"'and A = X Y =21 Also find how many triplets of (x, y, z)

X -y z
are possible. (NOTE: A A'=ATA=1)
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48.

49.

50.

2 3
If A is a symmetric Matrix and B is skew-symmetric Matrix such that A + B = [5 _J

4 -2
then show that AB = 1 _af

4 1 a b
IfA = [_9 —2) and A5 = [c d] then show that (a + b + ¢ + d + 398) = 0.

CASE STUDIES

(A) Two farmers Ramkishan and Gurcharan Singh cultivates only three varieties of rice
namely Basmati, Permal and Naura. The Quantity of sale (in Kg) of these varieties of rice
by both the farmers in the month of September and October are given by the following
matrices A and B.

T

'L]“,-!‘ﬂ H"" .,/ru fh

BASMATI PERMAL NAURA

A(Sentemb los) 1000 2000 3000) RAMAKRISHAN
(September sales) = 5000 3000 1000 ) GURCHARAN SINGH

BASMATI PERMAL NAURA
5000 10000 6000} RAMAKRISHAN

B(October sales) =
( ) [20000 10000 10000 ) GURCHARAN SINGH

If Ramakrishan sell the variety of rice (per kg)i.e. Basmati, Permal and Naura at Rs.30,
Rs. 20 & Rs.10 respectively, While Gurcharan Singh sell the variety of rice (per kg) i.e.
Basmati, Permal and Naura at Rs. 40, Rs. 30, & Rs.20 respectively.

Based on the above information answer the following:
(@) Find the Total selling Price received by Ramakrishan in the month of september.
(b) Find the Total Selling Price received by Gurcharan Singh in the month of september.

(c) Find the Total selling Price received by Ramakrishan in the month of september &
october.
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(B)

A manufacture produces three stationery products Pencil, Eraser and Sharpener which
he sells in two markets. Annual sales are indicated below

Market Products (in numbers)

Pencil Eraser Sharpener
A 10,000 2000 18,000
B 600 20,000 8,00

If the unit Sale price of Pencil, Eraser and Sharpener are Rs. 2.50, Rs. 1.50 and Rs. 1.00
respectively, and unit cost of the above three commodities are Rs. 2.00, Rs. 1.00 and
Rs. 0.50 respectively, then, Based on the above information answer the following:

(@) Find the total Revenue of both the markets.
(b) Find the total Profit for both the markets.

(C) Three schools ABC, PQR and MNO decided to organize a fair for collecting money for

helping the flood victims. They sold handmade fans, mats and plates from recycled
material at a cost of Rs. 25, Rs. 100 and Rs. 50 each respectively. The numbers of
articles sold are given as

ey £ r

?Eum':-'r-_-_'_l.-=
Al iy L

—

School/Article PQR MNO
Hand made fans 40 25 35
Marks 50 40 50
Plates 20 30 40

Based on the information given above, answer the following questions.

@)
(b)

What is the total amount of money (in Rs.) collected by all the three schools ABC, PQR
& MNO?

If the number of handmade fans and plates are interchanged for all the schools, then
what is the total money collected by all schools?

64

[Class XII : Maths]



SELF ASSESSMENT-1

EACH OF THE FOLLOWING MCQ HAS ONE OPTION CORRECT, CHOOSE THE
CORRECT ALTERNATIVE.

1. If Ais a symmetric matrix then which of the following is not Symmetric matrix,
(@ A+AT (b) AAT
(c) A-AT (d)y AT

2. Suppose P, Qand R are different matrices of order 3 x 5, a x band ¢ x drespectively, then
value of ac + bd is, if matrix P + Q — R is defined

@ 9 (b) 14
(c) 24 d) 34

3. If A and B are two square matrices of same order such that, AB = A and BA = B, then
(A+B)(A-B)=

@ O (b) A
(c) A2-B2 d) B
11 1) x 6
4. If |0 1 1||y|=|3| then2x+y—z=
0 0 1|z 2
(@ 1 (b) 3
() 5 d) 7
5. If amatrix has 2022 elements, how many orders it can have?
@ 6 (b) 2
(c) 4 (d) 8
SELF ASSESSMENT-2

EACH OF THE FOLLOWING MCQ HAS ONE OPTION CORRECT, CHOOSE THE
CORRECT ALTERNATIVE.

1. Ifmatrix A= [a,],., where

10 e
al.j.={’ ! I¢‘l,thenA2°21=

0, if i=}j
@ O (b) A
(c) -A @) 1/

111
2. IfA={1 1 1|, then A*=
111

(@ A (b) 3A
(c) 9A d) 27A
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11
3. IfA={ }andA2+pA+ql=0,thenpq=

11
@ o (b) 1
(c) -1 d 2
4 if|28%P a-2b | thena+b+c+d=
' 5¢c-d 4c+3d 4/
@ o (b) 4
(c) 6 d) 10
5. If Ais a square Matrix such that A2 = A, then (/ + A)® - 7Ais equal to
(@ 2A+1 (b) A+2i
) I d A+l
ANSWER
One Mark Questions
(1 0) (0 1
. ®o 4) 2011 o
3. (b)+1 4. (a)+3
5. (b)3 6. (d)17
7. (a)2023 x 2024 8. (d)2024 x 2023
9. (a)1 10. (a)80
1. (b) 8 12. (d)2
13.(d)0 14. (b)12
(a®>+b> 0 )
15.(b) x =2, y = 1 16. (a)L 0 az_l_ng
17. (b)A 18. (c)4
19. (a) | 20. (b)(14)
21. (d (-6 -8) 22. (c)5
+
D10 4) @
23b(O 1\ 24. (d)Aisfalse butRist
'()L—1 OJ . (d)Aisfalse but Ris true.

25. (a) Both Aand R are true and R is the correct explanation of A
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Two Marks Questions

3. (1)»>R 2)»S B)»P 4 —-Q

4 17
1 2 1 0 O >
2 2
35.(a)|2 5 3 +/ 0 0 "
2 2
13 5|21
2 2 2 2
12 5 0 00O 0 00O 0 2 -3
35.(b)|2 5 7 |+/|0 O O] 35 (c)|0 O O|+|-2 0 4
57 -5 0 00O 0 00O 3 4 0
00 29 24
37.x=-2,y=0 38. 0 0 39. 6 5
s0. 7 3
W3
Three Marks Questions
1 -1 -2 1.9 27 0 5 10
42.(@)|13 1 -1 42. (b)|4 4 27 42.(c)| 5 0 13
5 1 8 8 9 10 13 O
147
Tz 100 0 o
40.d)|= = 1 42. 44.
@3 ; @2 1ol wgy
3493
5 5
1 1 1
47 X=t—=y =t—,Z=+—;
V2 6 3
CASE STUDIES QUESTION
50. Case Study: A
(@ Rs.1,00,000 (b) Rs.3,10,000 (c) Rs.5,10,000
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50. Case Study: B
(b) Rs. 46,000 (For MarketA)

(b) Rs. 15,000 (For MarketA)

Rs. 43,000 (Ror Market B) Rs. 17,000 (For Market A)

50. Case Study C:
(@ Rs.21,000
Rs. 21,250

50. (iv) Option (d) 50. (v) Option (c)

SELF ASSESSMENT-1

3. (a) 4. (c) 5. (d)

SELF ASSESSMENT-2

1. (b) 2. (d)

3. (a) 4. (d) 5. (¢
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CHAPTER-4
DETERMINANTS

One of the important aplications of inverse of a non-singular
square matrix is in cryptography.

Cryptography is an art of communication between two
people by keeping the information not known to others. It
is based upon two factors, namely encryption and
decryption.

Encryption means the process of transformation of an
information (plain form) into an unreadable form (coded
form). On the other hand, Decryption means the
transformation of the coded message back into original
form. Encryption and decryption require a secret technique
which is known only to the sender and the receiver.

This secret is called a key. One way of generating a key is by using a non-singular matrix to
encrypt a message by the sender. The receiver decodes (decrypts) the message to retrieve
the original mesage by using the inverse of the matrix. The matrix used for encryption is called
encryption matrix (encoding matrix) and that used for decoding is called decryption matrix
(decoding matrix).

TOPIC TO BE COVERED AS PER CBSE LATEST CURRICULUM (2025-26)

» Determinant of a square matrix (up to 3 x 3 matrice), minors, co-factors and applications
of determinants in finding the area of a triangle.

» Adjoint and inverse of a square matrix.

» Consistency, inconsistency and number of solutions of system of linear equations by
examples, solving system of linear equations in two or three variables (having unique
solution) using inverse of a matrix.

a b

A determinant of order 2 is written as |A| = ‘ c d where a, b, ¢, d are complex numbers (As

Complex Number Include Real Number). It denotes the complex number ad — bc.

Even though the value of determinants Represented by Modulus symbol but the value of a
determinant may be positive, negative or zero.

In other words,

a
c d

« Determinant of order 1 is the number itself.

|A] = = ad — bc (Product of diagonal elements — Product of non-diagonal elements)

* We can expand the determinants along any Row or Column, but for easier calculations we
shall expand the determinant along that row or column which contains maximum number
of zeroes.
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MINORS AND COFATORS

Minor of an Element

If we take an element of the determinant and delete/remove the row and column containing
that element, the determinant of the elements left is called the minor of that element. It is
denoted by My.. For example,

Let us consider a Determinant [A|

a b c
|A|= d e f|l=>
p q r

@-b-c ot

d e f|=M,= g r|Minorofa, =M,)

pq r

a-P-c d f

d e f 2M12=‘p . | Minorofa,,=M,)
g r

a-b-© d e

d e f :>M13=‘p (Minorofa, =M,

paqr

Hence a determinant of order two will have “4 minors” and a determinant of order three will have
“Ominors”.

Minor of an Element:

Cofactor of the element a, is c,= (=1)" M,./.; where jand j denotes the row and column in which
the particular element lies. (Means Magnitude of Minor and Cofactor of aij are equal).

* Property: If we multiply the elements of any row/column with their respective Cofactors of
the same row/column, then we get the value of the determinant.

Forexample,
IAl = a11C11 + a1ZC12 + a13C13
|A| = a31C31 + a32C32 + aBSCBS

* Property: If we multiply the elements of any row/column with their respective Cofactors of
the other row/column, then we get zero as a result.

Forexample,
a.C +a,C +a.C =a.C, +a,C,_+a.C, =0

1n-21 12722 13723 1731 12732 13733
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Note that the value of a determinant of order three in terms of ‘Minor’ and ‘Cofactor’ can be
written as:

|A|l=a,M, -a,M,+a.M, OR |A|=a,C +a,C, +a,C

"N 12712 13713

|A|]=a,.C_ +a,C_ +a.C

171 12712 13713

— 4/4—_

PROPERTIES OF DETERMINANTS

* The value of a determinant remains unaltered, if the row and solumns are inter changed.

Al = |AT]
a p x a b c
b g y|=|p qr
c r z Xy z

» Ifany two rows (or columns) of a determinant be interchanged, the value of determinant is
changed in sign only . e.g.

a p x a x p by q
b q yl=-|by qg|=|a x p
c r z c z r c z r
+ If all the elements of a row (or column) are zero, then the value of determinant is zero.

a 0 x 0 0O

b0 yl=|p g rji=0
c 0 z Xy z

+ Ifthe all elements of a row (or column) are proportional (identical) to the elements of some
other row (or column), then the determinant is zero.

a ka x mp mq mr
b kb y|={p q r|=0
c ke z X y z

« If all the elements of a determinant above or below the main diagonal consist of zeros
(Triangular Matrix), then the determinant is equal to the product of diagonal elements.

a 0o a x y a 00
x b 0|=|0 b z|=|0 b 0| =abc
y z ¢ 0 0 ¢ 0 0 c
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« If all the elements of one row/column of a determinant are multiplied by “k” (A scalar), the
value of the new determinant is k times the original determinant.

ka p x ap x
kb g y|=|b q vy
ke r z c r z
ka kp x a p x
kb kq y|=k|b q y
kc kr z c r z
ka kp kx a p x
kb kq ky|=k3b q
kc kr kz c r z

|[KA| = k"|A|, where n is the order of determinant.
AREA OF A TRIANGLE
Area of a triangle whose vertices are (x,, y,), (X,, ¥,) and (x,, y,) is given by

X, ¥ 1
Xy Y2 1] (sq. units)
X3 Y3 1

ADJOINT OF A MATRIX

LetA= [a,.j.]mxn be a square matrix and C,./. be cofactor of a, in A

Ciy Gy Gy
Then, (adj A)=[C] = adjA=|Cy; Cp Cs
Ciz Cp Gy
« A.(adjA)=(adj A).A=|A]l
+ (adj AB) = (adj B).(adj A)
« |adj A| = |A|"", where n is the order of a Matrix A

SINGULAR MATRIX

A Matrix A is singular if |[A| = 0 and it is non-singular if |A| = 0

2 3
|A] = ‘ 1 4 ‘ =5 % 0. So A is Non-singular Matrix.

2 8
|A] = ‘ 1 4 ‘ =8 -8 =0. So A is singular Matrix.
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INVERSE OF A MATRIX

A square matrix A is said to be invertible if there exists a square matrix B of the same order
such that AB = BA = | then we write A~ = B, (A~ exists only if |A| # 0)

. ] Cii Gy Gy
A‘1=m(adJA)=m Ciz Cyp Gy
Ciz Gy Cys
. (AB)'=B"'A"
C A=A
© (A=A

« AAT=AA=]
1

AR

* |A.adj A| = |A]" (Where n is the order of Matrix A)

lllustration:

2 10

5k _2 15) is singular matrix.

For what value of k, the matrix A = (

Solution: As, Matrix is singular, so its determinant will be zero.
|A] =2(15) — 10(5k — 2) = 30 — 50k + 20

|A|=50-50k=0

= 50k =50

lllustration:
0 a -b
Without expanding the determinants provethat | -a 0 -c| =0
b ¢ O
0 a -b
Solution: LetA=|-a 0 -c
b ¢ O
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We observe here a,=-a, (A is skew-symmetric matrix)

= AT=-A
= |A7=-A|
= |Al= (1)’ Al

Property USED: |A] = |A|, |KA| = k"|A|

Where n is the order of the determinant

= |Al=-A|
= 2|A|=0
0 a -b
= |Al=|-a 0 —¢c| =0
b ¢ O
lllustration:

If Ais an invertible matrix of order 2 and |A| = 4, then write the value of |A™|.

Solution: As we know that,

1 1
A=Al
1
Al = —
==
lllustration:
3 4 5
Find the inverse of the matrix | 2 —1 8 | and hence solve the system of equations:
5 2 7

3x+4y+5z=18
5x-2y+7z=20
2x—y+8z=13
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3 4 5
Solution: Let, A=|2 -1 8

5 -2 7
Cofactors are,
-18 4 5
C,= 2 7 =-7+16=9 C,=- 2 7 =-38
2 8 3 5
C”:_‘S ;| =-(14-400=26  Cy,= |5 ;| =-4
2 - 3 4
Cis = 5 o= 4*5=1 Cas 5 2|2
Cii Gy Gy 9 -38 37
AdjA=|Crz Co Csp|=|26 -4 -14
C13 Cz3 C33 1 26 -11
|A| = a11C11 + a12C12 + a13 13 = 3(9) * 4(26) + 5(1) = 27 + 104 + 5
1 1 9 -38 37
So, A= — (AdjA)=——|26 -4 14
Al 136 1 26 -11

Given system of equation can be written as

3 4 5)\x 18 3 4 5)\x 18
2 1 8{yl|=120 = |5 -2 7|y|=1]13
5 2 7)\z 13 2 -1 8)\z 20
= AX=B = A"TAX=A"'B
IX=A"B = X=A"'B

9 -38 37)(18 9x18-38x13+37x20

X=% 26 -4 1413 =% 26x18—4x13-14x20
1 26 -11){20 1x18 +26x13-11x20
X ] 408
X= y =% 136 |[=| 1
z 136 1

=S80, x=3,y=1,z=1

4
Ca=1|_4

3
Cp=- 2

3
Cu=1o
=136

=14

=-11
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ONE MARK QUESTIONS

(cosx —sinx)

If f(x)= , then determinant of [f (Ej f(ﬁj] =
Lgnx cost 6 3

—_

T

@ 0 (b) 1 (c) -1 (d) 5
2. Ifforasquare matrix A, A> —A+1 =0, then A~ equal

@ A () T+A €) A-1 d 1-A

x 3 4
3. If T 21 =0, then value of x is
1 4 1
(@ o by 1 (c) 4 @ 2
X+y y+zZ zZ+Xx
4. Thevalueof | Z X y |is
1 1 1
@ xyz (b) (x+y+2) (€) 2(x+y+2) d O
(2 2023 2024)
5. fA= to 1 2022J ,then A. (adj A) equals
0 0 5
@ 2 by 1 (c) 5l (d 101
(3 1)
6. IfA= L‘l 9 7J , then A.(adj A) equals
(3 1) (1 0) (2 0) (7 -1
b d

@ L19 7J ® LO 1) © LO 2) ( )L—19 SJ
7. If the area of a triangle with vertices (-3, 0), (3, 0) and (0, k) is 9 sq. units, then |k| =

@ o (b) 6 (c) 3 d 9
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8. Ifthe area of a triangle with vertices (2, —6), (5, 4) and (k, 4) is 35sq. units, then the sum
of all possible values of k is

(@ 2 (b)y 10 (c) 12 (d 14
o 14=(22% ) uni-
(-2023 1) ( -1 1)
@ | 2024 -1 ® (2024 —2023)
(1 1) ( -1 -1 )
© {4 9 @ (_2024 —2023)
(k . j . .
10. If A =L 9 kJ is singular matrix, then sum of all possible values of k is
@ o (b)y 12 (c) 10 (d 24
(k 12)
1. IfA= L3 GJ is non-invertible matrix, then value of k is
(@ o by 3 (c) 6 (d 12
(5 0 0)
12 If A.(ade):LO 5 oJ then | A |+ | adjA | =
0 0 5
(@ 5 (b) 10 (c) 25 (dy 30
(2 0 0) .
13. |fA.(ade)=t0 2 OJ,then |A|;\r¢=
0 0 2 | |
(@ 2 (b)y 8 (c) 4 (d 16

ASSERTION-REASON BASED QUSTIONS (Q. 14 & Q.15)

In the following questions, a statement of assertion (A) is following by a statement of Reason
(R). Choose the correct answer out of the following choices.

(@) Both Aare R are true and R is the correct explanation of A.

) Both Aand R are true but R is not the correct explnantion of A.
(c) Aistrue but R is false

) Ais false but Ris true
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(1 2 3)

14. Assertion: For Matrix A = L4 5 6J , value of 4C,, + 5C,, +6C,; is 0.
7 8 9
Reasoning : The sum of the products of elements of any row of a matrix A with the co-
factors of elements of other row is always equal to Zero.
(1 2 3)
15. Assertion: If A = L4 5 6J , then determinant of matrix A is zero.
7 8 9
Reasoning : The determinant of a skew-symmetric matrix of order 3 x 3 is always zero.
TWO MARKS QUESTIONS
0 2023 -2021
16. Without expanding the determinants prove that | -2023 0 -2022 | =0
2021 2022 0
17. Let A be a 3 x 3 matrix such that |A| = -2, then find the value of |[-2A-"| + 2|A].
a b c yr—zq cq-br bz-cy
18. IfA=|x y z|,B=|zp—xr ar—-cp cx—az|.Find|B|if|Al=4
p q r Xq—-yp bp-aq ay-bx
a b c yr—zq cq-br bz-cy
19. IfA=|x y z|,B=|zp-xr ar—cp cx—-az|. Find|A|if |B|=25
p q r Xq-yp bp-aq ay-bx
20. Find the Adjoint of Matrix A,
2003% -2 sing
A=
2sint  —2cos’
3 3
THREE MARKS QUESTIONS
21. If Ais a square matrix of order 3, such that |Adj A| = 25, then find the value of
@ Al (b) [-2AT] (c) [4AT
(d) |5A] (e) AAdj A f JA.Adj A
@ A
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22.

23.

24.

25.

26.

27.

If A is a square matrix of order 3, such that |A| = 5, then find the value of

(@ [3A] (b) [-2A7| (c) |[4A7
(d) |Adj A| (e) AAdj A M |A.Adj A
0 1A%
1 2020 2021 2 0 0
IfA=|0 1 2022 |, B=| 2021 1 0 | then find the value of
0 0 3 2020 2022 1
(@) |AB| (b) 1(AB)"| (c) |A%B
d) [3(AB)'| (e) |Adj(AB)|

Find matrix ‘X’ nthat [ 2 2lx(7 2]=[* 3
INad matrix Suc 312 1 1_11

Find matrix ‘X such that
2 3 7 -2 2 3 7 -2
@) x[1 2}2[1 1] (b) (1 2}XZ(1 1}
2 3) (7 -2) [1 0
(€) [1 2])({1 1)2[0 1}

FOUR/FIVE MARKS QUESTIONS

(@) A school wants to award its students for regularity and hardwork with a total cash
award of % 6,000. If three times the award money for hardwork added to that given for
regularity amounts of ¥ 11,000 represent the above situation algebraically and find

the award money for each value, using matrix method.

(b) A shopkeeper has 3 varieties of pen A, B and C. Rohan purchased 1 pen of each
variety for total of ¥ 21. Ayush purchased 4 pens of A variety, 3 pens of B variety and
2 pen of C variety for ¥ 60. While Kamal purchased 6 pens of A variety, 2 pens of B
variety and 3 pen of C variety for ¥ 70. Find cost of each variety of pen by Matrix

Method.
1 2 -3

Find A", where A=|2 3 2 |.Hence use the resultto solve the following system of

3 -3 4
linear equations:
xX+2y—-3z=-4
2x+3y+2z=2
3x-3y—-4z=11
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28.

29.

30.

1 2 -3
Find A",where A=|2 3 2 |.Hence, solve the system of linear equations:
3 -3 4
Xx+2y+3z=38
2x+3y—-3z=-3
-3x+2y—-4z=-6

4 4 4 1 1 1
fa=|" 1 3 and B= 12 2 find AB. Hence using the product solve the
5 -3 -1 2 1 3
system of eq.
X—y+z=4
X—-2y—-2z=9
2x+y+3z=1
1 3 -2 1 -2 -3
Find the product of matrices AB, where A=|-3 0 -1|,B=(-2 4 7 |anduse
2 10 -3 5 9
the result to solve following system of equations:
x—2y—-3z=1

—2x+4y+5z=-1
-3x+7y+9z=-+4

80
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CASE STUDY BASED QUESTIONS

A. Afamily wanted to buy a home, but they wanted it to be close both to both the children’s
school and the parents’ workplace. By looking at a map, they cold find a point that is
equidistant from both the workplace and the school by finding the circumcenter of the
triangular region.

If the coordinates are A(12, 5), B(20, 5) and C(16, 7), on the basis of this answer the
following: (Figure is for reference only, Not as per scale)

(@) Using the concept of Determinants. Find the equation of AC.

(b) Ifany point P(2, k) is collinear with point A(12, 5) and O(16, 2), then find the value of
(2k—15).

(c) Ifany point P(2, k) is collinear with pointA (12, 5) and 0 (16, 2), then find the value of
(2k—15).

B. For keeping Fit, X people believes in morning walk, Y people believes in yoga and Z
people join Gym. Total no of people are 70. Further 20%, 30% and 40% people are
suffering from any disease who believe in morning walk, yoga and GYM respectively.
Total no. of such people is 21. If morning walk cost ¥ 0 Yoga cost ¥ 500/month and GYM
cost ¥ 400/ month and total expenditure is ¥ 23000.

Run nl ng Gyim ; gg O

g
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On the basis of above information, answer the following:

11 1
(@ Ifmatrix A=|2 3 4/, thenfind A™".
0 5 4

(b) On solving the given situational problem using matrix method, find the total number
of person who prefer GYM.

An amount of ¥ 600 crores is spent by the government in three schemes. Scheme A is
for saving girl child from the cruel parents who don’t want girl child and get the abortion
before her birth.

Scheme Bis for saving of newlywed girls from death due to dowry. Scheme C is planning
for good health for senior citizen. Now twice the amount spent on Scheme C together
with amount spent on Scheme A is T 700 crores. And three times the amount spent on
Scheme A together with amount spent on Scheme B and Scheme C is ¥ 1200 crores.
If we assume government invest (In crores) ¥ X, ¥ Y and ¥ Z in scheme A, Band C
respectively. Solve the above problem using Matrices and answer the following:

Gautam buys 5 pens, 3 pens, 3 bags & 1 instrumental box and pays a sum of Rs. 160.
From the same shop, Vikram buys 2 pens, 1 bag & 3 instrumental boxes and pays a
sum of Rs. 190. Also Ankur buys 1 pen, 2 bags & 4 instrumental boxes and pays a sum
of Rs. 250.

Based on above informatin answer the following questions:

(@) Convert the given situation into a matrix equation of the form AX = B.
(b) Find A].
(c) FindA™".
OR
Determine P = A2 - 5A
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SELF ASSESSMENT-1

EACH OF THE FOLLOWING MCQ HAS ONE OPTION CORRECT, CHOOSE THE COR-

RECT ALTERNATIVE.
2 3 6
1. fA=]0 1 8|, then |A]=
0 0 5
(@ 2 (b) 5
(c) 8 (d) 10
100
2. If A=|3 2 0}, then|A"|=
105
(@ 2 (b) 5
(c) 8 (d) 10
3. If A::{C?SX _S”1X},then|A4|=
sinx cosx
@ 0 (b) 1
(c) cosx.sinx d) -1
4. If A= [63)( 2} is singular matrix, then the value of x is
(@ 2 (b) 3
() 5 d) 7
5. The area of a triangle with vertices (-3, 0), (3, 0) and (0, k) is 9 sq. units. The value of k will

be

(@ 6 (b) 9
(c) 3 d o
SELF ASSESSMENT-2

EACH OF THE FOLLOWING MCQ HAS ONE OPTION CORRECT, CHOOSE THE COR-
RECT ALTERNATIVE

1.

If the value of a third order determinant is 12, then the value of the determinant formed by
replacing each element by its co-factor will be

@ o (b) 1

(c) 12 (d) 144

If the points (3, —2), (x, 2), (8, 8) are collinear, then x =
@ 2 (b) 5

(c) 4 d 3
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cos15° sin75° | _
sin15° cos75°

@ o (b) 1
() 1 @ 2
1 2 3
4. The minor of 6 inthe determinant |4 5 6| is
7 8 9
@ 9 (b) -6
(c) 6 (d) 10
1 2 3
5. The cofactor of 4 in the determinant |4 5 6| is
7 8 9
@ 9 (b) -6
(c) 6 (d) 10
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ANSWER
One Mark Questions

1. (b) 1 2. (d)I-A 3. (c)4
(2 0)
4. d) 0 5. (d)10/ 6. (c) LO 2J
(-1 1)
7. () 3 8. (b)10 9. (b) L2024 _2023)
10.(@a) 0 1. (c)6 12. (d) 30
13.(b) 8

14.(a) Both Aand R are true and R is the correct explanation of A.
(b) Both Aand R are true and R is not the correct explanation of A.

Two Marks Questions

17.0 18. 16 19. 5
1 3
20.| A1
Three Marks Questions
+64
21.(a)£5 (b) 40 (©) &5 (d) 625 (e) +5/
) 125 (g)+125
22.(a) 135 (b)—40 (c) % (d)25 (e)5!
(f)125 (e)125
23.(a)6 (b) % (c) 72 (d) 162 (e) 36
1(2 31
24.X=9l1 11
16 -25 11 -7 _1(5 17
25.(a)x:[1 —1] (b)X:[_5 4] (C)X_§[—3 12)

Five Marks Questions
26. (a) Award money given for
Honesty =¥ 500
Regularity =¥ 2000 and
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Hard work =¥ 3500
(b) Costof pen of
Variety A=%5
Variety B =3 8 and
Variety C=% 8
27.x=3,y=-2,z=1 28. x=0,y=1,z=2 29.x=3,y=-2,z=-1
30.x=-4,y=-1,z=-1

CASE STUDIES QUESTIONS

A. (@) x—2y=2 (b) 10 sq. units (c) 10
(-8 1 1)
B. (a)A1=_€1t—8 4 -J (6)20
10 -5 1
(5 3 1\(x) (160) (-2 -10 8)
C. (a)t2 1 3H}’J=t190J (b)—22 (c)i -5 19 -13
1 2 4\z) \250 22\ . 5 4
A X= B
OR PART
(7 5 13)

(5 8 2J

8 3 3
SELF ASSESSMENT-1

1. (d) 2. (d) 3. (b) 4. (a) 5. (c)

SELF ASSESSMENT-2
1. (d) 2. (b) 3. (a) 4. (b) 5. (c)
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CHAPTER 5
CONTINUITY AND DIFFERENTIABILITY

Many real life events, such as trajectory traced by Football where you see player hit the
soccer ball, angle and the distance covered animation on the screen is shown to the viewers
using technology can be described with the help of mathematical functions. The knowledge
of Continuity and differentiation is popularly used in finding speed, directions and other
parameters from a given function.

/ CONTINUITY AND DIFFERENTIABILITY /
Topics to be covered as per C.B.S.E. revised syllabus (2025-26)

*  Continuity and differetiability

e Chainrule

« Derivative of inverse trigonometric functions, like sin~"x, cos™'xand tan'x

* Derivative of implicit functions.

e Conceptof exponential and logarithmic function

* Derivatives of logarithmic and exponential functions.

* Logarithmic differentiation, derivative of functions expressed in parametric forms.
e Second order derivatives.
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POINTS TO REMEMBER

° A function f(x) is said to be continuous at x =c iff )lci_r)rcl f(x)=f(c)
ie., lm fGo = lim reo = (o)

o f(x) is continuous in (a, b) iff it is continuous at x =c Vce (a,b).

° f(x) is continuous in [a, b] iff

(i) f(x) is continuous in (a, b)
(i) lim £ =f(a)
(i) lim f(x) =f(b)

° Modulus functions is Continuous on R

o Trigonometric functions are continuous in their respective domains.

° Exponential function is continuous on R

o Every polynomial function is continuous on R.

o Greatest integer function is continuous on all non-integral real numbers
° If f (x) and g (x) are two continuous functions at x = a and if ¢ € R then

(i) f(x) £ g (x) are also continuous functions at x = a.

(i) g (x) .f(x),f(x)+c, cfix), ]| f(x)| are also continuous at x = a.

(iii) % is continuous at x = a, provided g(a) # 0.
° A function f (x) is derivable or differentiable at x = ¢ in its domain iff

. X)— . -
lim_f®0~f(© _ hm+%, and is finite

X x—c x—c
The value of above limit is denoted by f’(c) and is called the derivative
of fix) at x = c.

du dv

i(utv)v—+—
dx dx dx
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du

° —(u V) = u — + Vo (Product Rule)
d ydu_ dv
. = (%) = e (Quotient Rule)
° If y=f(u) and u=g(t) then y = % x — = f'(u)g'(t) (Chain Rule)
° If y =f(u), x=g(u) then,

dy dy du_f'(w)

dx  du’ dx g'(w)

lllustration:

Discuss the continuity of the function f(x) given by
4 - 4

f)=1" "% X% atx=4
4+x, x=24

4—-x, x<4

Solution: We have f(x) = {4 +x x>4

LHL = lim f(x)= lim (4~ x)= lim 4-(4-h)=0

x—4* x—4*

Here LHL = RHL
Hence f(x) is not continuous at x = 4

RHL = lim f(x)= lim (4+x)= I|m 4+(h+4)=8+0=8

lllustration:

Show that the function f(x) given by
' il -+cosx, x=0 :

f(x)=4 » is continuous at x=0
| 2,

tan
Solution: We have f(x { +cosx, x#4

2 x=4
Now f(0)=2 ... ()
LHL = lim f(x)= lim | tanx sy = iim BMO-H)
A3l x—0 x J  h—=0 I:Cr—f?}

= Imw4 imecosh =1+cos(0)=1+1=2
+{) h b=}

Fecos(D-h)= limﬂ[

i)

—tanh

cosh
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RHL = lim f(x)= lim (taﬂmosx): jim 20O | o604 )
x—0" x—=0"\ X h—o* (0+h)
= lim @‘f’ limcosh=1+cos(0)=1+1=2 .- (i)
h—0 h h—0

LHL = RHL = (0)

Hence f(x) is continuous at x = 0

ONE MARK QUESTIONS
Continuity and Differentiability

This section comprises Multiple Choice Questions (MCQ) of one mark each
1. The value of k for which the function fgiven by

[ Kcosx . 13
-_Z;_ if x Té _
fixy=| <X " | is continuous at X = E I8 :
5 if X ==

(a} 6 by &

5
) = {dy 10
(c) 5 (d)

2. The value of k for which

[3x +5 x =2

fix)=+ s i & i 15
(x) | k x* x <2 is a continuous function is :
: 11 N 4
(a) —— e
4 ®F
11
ey 11 (d) x

[k{3x* -5x),x =0
cosx.x =1

3. For what value of k, may the function f(x)= pecomes canfinuous 7

ta} 0 {by 1

—1
ch E (d) Mo value

90
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4 If f(x)=4 5x ' is continuous at x = 0, then k is equal to :
K.x=0
5] T
(a) — (b) -
{c) 1 (d) O
lu'xz +5-3 5
5. I f{x)= x 17 ¥ ¥~ £ is continuous at x = -2 , then the value of k is equal to
k X = =2
) z (b} ©
(@ - )
2
{c) 3 (d) none of these
tan| : -x - ;
6. If f{x) — =2 ¢ x = jscontinuous at x = —, then the value of k is :
i t2x 4 4
k X=
4
{a} 1 (b) 2
1
e 3 {d) none of these
: o : : ¥ =3x+2
7. The number of points of discontinuity of the rational function f(x) = T is
dx—x
(a} 1 by 2
(¢) 3 (d) none of these
8. The function fix) =[x], where [x] denotes the greatest integer function, is continuous
atx =
(a) -2 (by 1
(c) 4 (d) 1.5

9., The function f{x) = |x|atx=0is:
{a) continuous but not differentiable
(b} diffcrentiable but not continuous
{c} continuous and differentiable
{d) neither continuous nor differentiable
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10. The function fix) = || + |x-1] is ;
{a) differentiableatx=0bulnotatx=|
{b) differentiableatx=Ibutnotatx=0
{c) neither differentiable at x = O norat x = 1
{d) differentiable atx=0aswellasatx=1

11. The set of numbers where the function f given by fix) = |2x — 1] cos x is differentiable is;

; f 1)
{a) R (b} R_lEJ
{c) (0=) {d) none of these
(1-x*) dy
12.1f y =log| =7 .|| <1 then =L =
4x’ i ~dx
{a) v (b) =7
1 ~4x°
() 4-x* @ 1- xt

13. The derivative of sec{tan'x) wrt. xis

X 1
- b i B
e 1+x° () 1+ x°
X l
(e} J1+x% {d) x14x?
14_If ¥ =cos if x - 1.1'+ COSEC f e +1) then 22 | it
|.~ \.".; +1/ \ \"'; _1) dx 15 equal 1o :
I
= by O
@ 3 (b
{c) 1 {d) none of these

15. Differential of log [log {log x%)] w.rt. x is :

5 5

@ Ylogix®)logllogx”) ) Ylogllogx)
5x* Bx*

(©) Jog(x*)logllogx®) (@) Jogiogx®)

92
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16.1f y = sin(msin ' x) then which of the following equations is true?

(a) “‘Xz}g—xj—i+m:y—ﬂ
&) (1-x)3L x % my -0
() t1~x?}j-:’j x Y —miy =0
(d) (1 ﬁ}%.xj—i‘ e

| AT d .
17.1f ¥ =+/8INXK + y.thenﬁ is equal to :

COs X COs X
(@ 257 ®) 73,
sinx sin X
() -2y @ 2y

Q' no {18-22 ) are Assertion Reascon Based questions carrying one mark each. These type
of questions consists of two statements | one labelled Assertion (A ) and other labelled
Reason (R). Select the correct answer from the codes (a), (b)(c), and (d) as given
balow.

(a) Bolh Assertion {A) and Reason (R)arc true and Reason (R) is the correct explana-
tion of the Assertion {(A).

{b) BothAssertion (A) and Reason (R)arc true and Reason (R)is not the correct expla-
nation of the Assertion (A)

(c) Assertion [ Ais true and Reason{ R) is false.
{d) Assertion [ A)is false and Reason{ R} is true

1 3
18 Let flx)= ——-— ¥+1

1-x 1-x%"

Statement -I: The value of f{ 1 )so that f is continuous function is 1

X+2 : :
Statement-|l . gi¥}=———— is continuous function
X +x+1

Answer {d) Assertion [ A Jis false and Reason( R) is true
19, Consider the function fix) = [x=2|+ |x=5|, x =R
Statement - | : £{4)=0
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Statement -1l : f is continuous on [2, 3] differentiable on (2, 5) and f(2) = f{5)

Solution (b) Both Assertion (A) and Reason (R)are true and Reason (R) is not the correct
explanation of the Assertion (A).

: 3
20. Statement -l : f(x) = fs'"}'“cj
0,x=0
sir'nl X=0
Statement-Il : Both h(x) = x*and g(x) =1 x’ gonfinuooes atx =1
0,x=0

21. F(x) is defined as the product of two real functions 7 (x)=x ¥ ¥ e H and

Msinl x 20 as fall
£0x) = e as follows
0, x=0
Flx) = {.F,l{x},f,;x} fx=0
0,ifx=0

Statement -I: F(x) is continuous on R
Statement-Il : f,(x) and f.{x) are continuous on R
22_Let f(x) be a differentiable function such that fi2)=4 and f'(2)=4

xf(2) - 2f(x)

Statement -I; Llnl = =-4
" . fix)-1f(a
Statement -1l : f'(a) = lim = %

CASE BASED

23. A potter made a mud vessel , where the shape of pot is based on f(x) = |x-3| + |x-2|,
where f(x) represents the height of the pot.
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Based on the information given above answer the following questions
(a) When x = 4 what will be the height in terms of x7
(b) When the value of x lies between (2, 3) then find the value of f{x).

(c) [fthe potter is trying to make pot using the function f{x)=[x], will he get a pot or not?
why?
Q24. Let x =f(t) and y = g{t] be the parametric forms with t as parameter, then

dy _ay dt _g't) ,
dx dtdx  Fit) where f ()= 0

On the basis of the above information answer the following questions :

iT .
(a) Whatwill be the derivative of fitanx)w.r.t gisecx)at x = & where f{1)and g'(+/2)=47
(b) Find the derivative of cos '(2x” - )w.rtcos 'x

1 2l d
(c) Ify= EU‘ and u = Zx* then find i

25, A funclion f(x) is said to be differentiable at x=c if

. Y ’ ;. Hethy—1e) . ..
(i} Left hand derivative (L.H.D) = f"(c) = lim b exists finitely.

h—ii

f(c+h)— f(c)
h

(il R.H.D = LH.D, ie. if the function f{x) is differantiable at x = ¢, then f (c) =

T fix)-f(c)
x5 X —@

(i) Right hand derivative (R.H.D) = {(c) = r!im+

ull

exists finitely.

Based on the above information answer the following :

x F(3) - 9f(x)

(@) Iff{x) i= differentiable at x = 3. then find the value of Em‘: 3
: ¥ —

fix +h)-rf{x-h)
h

(b) Find lim if it exists.

[Class XII : Maths] 95



10.

11.

12.

13.

14.

15.

TWO MARKS QUESTIONS

sin x

Differentiate sin (x2) w.r.t.e
y = x” then find &
dx
Ify=x*+x>+ 3+ 3° find %

X

If y = 2sin™" (cosx) + 5 cosec™" (secx). Find %
X

[log (x+1) - log x] find j—y

Ify=e¢ <

Differentiate Sin™" [x \/;] w.r. t. x.

Find the derivative of [x’+2| w.r.t. x

Find the domain of the continuity of f(x) = sin"'x —[x]

Find the derivative of cos (sin x’) w.rt. x at x = \/g
— A 3logx + 2x d_y — U2 2%

If y=e , Prove that ax X(2x+3) e™

Differentiate sin*(6°+1) w.r.t. 6

Find 2 f y=sin”(&_1J+ sec‘{\/;HJ

dx Jx +1 Ix -1
If X* + y* = 1 verify that d_yd_x= 1
dx dy
Find &Y wheny = 10°"

dx

iy = X find
=X ——
y dx?
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16 Find dy if y = cos™ (sinx)
' ax MY

17. Iff(x)=x+7,and g(x)=x-7,xe R, them find di (fog) (x).
X

18. Differntiate log (7 logx) w.r.t x

d
19. If y = f(x*) and ' (x) = sinx’. Find &

ody. o e
20.  Find d—ley = Jsin T

THREE MARKS QUESTIONS

1. Examine the continuity of the following functions at the indicated points.

2 1
0 fe= {x c0s(3)x 0 4
0 ,y X = 0
_fx—[x],x#1 _
m  r@={ LN atx=1
1
I =152 *¥F0 4 x=0
( T
ex+1
0 ,x=0
x—cos(sin~1x) 1
_—X ;‘; f—
_ ) 1-tan(sin~1x) ) _ 1
(V) flx) = 1 _ Tatx =4
V2 V2
2. For what values of constant K, the following functions are continuous at
the indicated points.
VIFRA—VI=Kx .
. _ x < _
(i) f) = 2041 x>0 atx =0
x—1
e*—1
(i) flx) = {log (1+2x)x f 0 atx =0
K x=0
1—cos4x
x2 x<0
@iy f)= \/Ii x=0 atx=0
_¥* x>0
J16+Vx—4
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o

For what values aand b

x+2+
+2] Cifx< -2
f(x) = a+b ifx=-2
x+ 2 i -
+2blfx> 2

[x + 2|

Is continuous at x = =2

Find the values of a, b and c¢ for which the function

(sin[(a + 1)x] + sinx

X x<0
f(x)={ c x=0
Vx+bx2—vx x>0

bx3/2
Is continuous at x = 0

+[—x]x#0

Find the value of A, fis continuous at =0 ?

1-sinx ; x < z

3cos?x ,ZT

Let f(x) = a; x=3
b(1-sinx) T

(m-2x)2 ; X > 7

If f(x) is continuous at x = % find a and b.

_[x®+3x+ax<1
Iff(x)_{ bx+2 x>1

Is everywhere differentiable, find the value of a and b.

Find the relationship between a and b so that the function defined by

ax+1 , x<3

is continous at x =3.
bx+3 , x>3

f(X)={

Differentiate tan™* <1+xz) w.r.t cos™*(2xV1 — x%) where x # 0.
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10.  Ify =x*", then find v,
dx
11. Differentiate (x cosx)* + (x sin x)% w.r.t. x.
12. If (x + y)™*" = x™. y™ then prove that % =
= d
13.  If (x —y).e x¥ = a, prove that y[d—yJ +Xx =2y
X
14. If x = tan Glogy) then show that
(1+x2)ﬁ+(2x7a)ﬂ
dx? dx
15. Ify—xlog( )provethatx T —(xa—y)
. x+1 3%
16. Differentiate sin~* [ ] w.r.t x.
1+(36)*
17. IfV1—x6 4+ /1 —y5 =a(x®—y?%), prove that
@ _ % [199° \here—1 <x <1and 1<y < 1 [HINT: put X’ = sin A and
dx  yZA1x® ere -1 <x and-1<y [ tput X =sinA an
y3 = sin B]
18. Iff(x) =/x24+1,g9g(x) = 2+1 and h(x) = 2x — 3find f' [h (g (x))]
d 244
19. If x =secO —cosf and y = sec™@ — cos™0, then prove that ﬁ = z2:4
X X n H dy
20. Ifx¥+y*+x*=m",then find the value of e
3 . 3 . d’y T
21. If x =acos®0,y =asin 6’thenf|nd—2 atx=—
dx 6
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22.

23.

24,

25.

26.

_1 [Vi+sinx —V1-si d
Ify = tan~! [ = x]where 0<x<Zfind=
V1+sinx + V1-sinx 2 dx
2 2 d2 b“
1 + 2 = 1then show that +2 = -2
2z ' p2 e @ty

If =[x+ VxZ+1 ]m , show that (x% + 1)y, + xy; —m?y = 0.

_ da logx
If x¥Y = e*™Y, prove that = = g
dx (1+log )?

oy

1
If y = 2x then prove that (x> -1)y, +xy, =m’y.

SELF ASSESSMENT-1

EACH OF THE FOLLOWING MCQ HAS ONE OPTION CORRECT, CHOOSE THE
CORRECT ONE

1. If y=sin® x—cos® x, then By
ax
(a) 2sinx (b) 2cosx
(c) 2sin2x (d) —-2sin2x
2. Thevalue of '4k' for which the function f(x) is continuous at x = 3.
frny=1 fx+f}23— 36, when x = 3
2k +1, when x =3
(@) 4 (b) 6
(c) M (d) 22
3. Derivative of sinx with respect to cos x is
(@) tanx (b) —tanx
(c) cotx (d) —cotx
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2
4. If y=(x+V1+x%)", then (1+x2)ij—y+xd—y:
X

dx
(@ nry (b) ny
() y @ -ny
5. If x = alcos® + Bsind), ¥ = a(sinB —Bcosd) then E:J; =
sec’ B sec’
@ 6) ~ g
(c) sec’® (d) Bsec’o
SELF ASSESSMENT-2

EACH OF THE FOLLOWING MCQ HAS ONE OPTION CORRECT, CHOOSE THE
CORRECT ONE

1. A Function defined as
| x|-3, whenx<0
f( )={

5-|x], whenx=>0
is continuous on

(@ R (b) R-{0}
(C) [Or°°) (d) (_00!0]

2. Thefunction g(x) = (sin x + cos x) is continuous at

(@ R (b) R-{0}
p
(c) R_{E} (d) R—{m}
3. Thevalue ofthe derivative of [x—2| + |x—3|atx=2is
(a) 1 (b) 3
(c) 2 d o
| dy
4. Ifsiny=x.cos(a+y)then ;-
cos?(a +y) cos’(a +y)
cosa (b) sina
sin®(a—y) sin’(a+y)
( cosa (d) sina
a-b b+c c+a
x? xP x© dy
=|— A — | — ,then —=
(a) 1 (b) abc
(c) a+b+c (d)y O
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ANSWERS

ONE MARK QUESTIONS

1. (d) 10
11
2. (d) vy
3. (d) No value
4. ()¢
' 5
-2
5. a) —
(a) 3
1
6. (c) 5
7. (c)3
8. (d)1.5
9. (c) continuous and differentiable
10.  (c) neither differentiable at x = 0 nor at x = 1
1
11. (b) R_{f}
—4x
12. 13. .
(b)1 x* > @) V1+x°
5
14. (b)0 15. a) - 5
xlog(x”)log(logx™~)
d°y dy .
16. b) (1— -x—+xy=0
() (1-x*) - x—+x°y
17, (a) SOSX 18.  (a) ———
2y -1 V1+ x°
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ASSERTION REASONING

18.  Answer (d) Assertion (A) is false and Reason (R) is true

19. (b) Both Assertion (A) and Reason (R) are true and Reason (R) is not
the correct explanation of the Assertion (A).

20.  Solution (c)Assertion (A) is true and Reason (R)is false

21.  Ans(a)BothAssertion (A) and Reason (R) are true and Reason (R) is
the correct explanation of the Assertion (A)

22.  (a) Both Assertion (A) and Reason (R) are true and Reason (R) is the
correct explanation of the Assertion (A)

CASE BASED QUESTIONS

23. (a)f(x)=2x-5

(b) f(x) =1
(c) Since the function is not continuous he will not get a pot.
1 16
— — X
24. (a) N (b) 2 (c) 7
25.  (a) 9f (3) + 6f(3) (b) 2f'(x)
TWO MARKS QUESTIONS
] 2xcos(x?) 1. Sin (26° +2),0%0
' cos x eS"
)2 12. 0
x[1-ylogx] 14. 10" 10*10g10(1- xlog10)

3. X“[1 +log x] + 3x* + 3" log, 3
15. x*[1-logx]

4. —7
1 16. -1
5. -
X 17. 1
3 X 1
° oo 18.

xlogx

2x(x°+2
7. “—(—’—Lz
X'+2 19.  2xsinx’

8. (-1,0) U (0,1) g

9 0 20. P 5 »Where 0 <x<1
: dofxJ1=%v/8in"" /X
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THREE MARKS QUESTIONS

1. ( Continuous ()  Discontinuous

() Not Continuous at x = 0 (IV)  Continuous
1

2. ()  K=-1 K=/,
() K=8

3. a=0, b=-1

4. a=2,b=R—-{0}, c=;

5. A=-1

6. =L p=1

2

7. a=3, b=

8. 3a-3b=2

9 _1

10. x* x*" {(1 + log x) logx+i}

11. (x cosx)*[1 — x tanx + (logx cosx)] + (xsin x)l/x [1""‘ cotx—log(x Sin)x]

22
16. [1+(36)x] log 6
2
18. N
20 dy _ x*(1+log x)+yxY~1—y*logy
' dx xYlogx + xy*~1
32
21. 7
22. -+
SELF ASSESSMENT TEST-1
1. (C) 2. (C) 3. (D) 4. (A) 5. (B)
SELF ASSESSMENT TEST-2
1. (B) 2. (A) 3. (C) 4. (A) 5. (D)

104 [Class XII : Maths]



CHAPTER 6
APPLICATION OF DERIVATIVES

The sight of soap bubble produced using a bubble wand is very exciting! One application of
derivative is finding the rate of increase of size of the bubble (dv/df) due to increasing radius,
where V is the volume of spherical bubble and r is the radius. This can be calculated by
knowing the rate of increase of radius with time (dr/df).

| APPLICATION OF DERIVATIVES |
Topics to be covered as per C.B.S.E. revised syllabus (2025-26)

e Applications of derivatives:

e rate of change of quantities,

* increasing/decreasing functions,

e maxima and minima (first derivative test motivated geometrically and second
derivative test given as a provable tool).

e Simple problems (that illustrate basic principles and understanding of the subject
as well as real life situations).
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POINTS TO REMEMBER

e Rate of change: Let y = f(x) be a function then the rate of change of y
d
with respect to x is given by ﬁ = f'(x) where a quantity y varies with

another quantity x.

{d—y} or f' (x1) represents the rate of change of y w.r.t. x at x = x;.
X = X

dx
- M

¢ Increasing and Decreasing Function

Let f be a real-valued function and let I be any interval in the domain of f.
Then f is said to be

a) Strictly increasing on I, if for all x; x, € I, we have
x1 <x = f(xg) < fxz)

b) Increasingonl, ifforallx; x, € I, we have
x1 <x = f(x1) < fxz)

c) Strictly decreasing in I, if for all x; x, € I, we have
x1 <x3 = f(x) > fx2)

d) Decreasingonl, ifforallx; x, € I, we have
x1 <x = f(x1) = fx2)

e Derivative Test: Let f be a continuous function on [a, b] and
differentiable on (a, b). Then

a) f is strictly increasing on [a, b] if f'(x) > 0 for each x€(a, b).
b) f isincreasing on [a, b] if f'(x) = 0 for each x€ (a, b).

c) f is strictly decreasing on [a, b] if f'(x) < 0 for each x€ (a, b).

106 [Class XII : Maths]



d) f is decreasing on [a, b]if f'(x) < 0 for each x&€ (a, b).
e) f is constant function on [a, b] if f'(x) = 0 for each x€ (a, b).
e Maxima and Minima

a) Let f be a function and c be a point in the domain of f such that either

f {(x)=0 or f ‘(x) does not exist are called critical points.

b) First Derivative Test: Let f be a function defined on an open interval

I. Let f be continuous at a critical point ¢ in interval 1.

i. f (x) changes sign from positive to negative as x increases
through c, then c is called the point of the local maxima.

ii. f (x) changes sign from negative to positive as x increases
through c, then c is a point of Jocal minima.

iii. f '(x) does not change sign as x increases through c, then c is
neither a point of /ocal maxima nor a point of /ocal minima.

Such a point is called a point of inflexion.

c) Second Derivative Test : Let f be a function defined on an interval |

and let c € |. Let f be twice differentiable at c. Then
i. Xx = ¢ is a point of local maxima if f '(¢) = 0 and f "(c) < 0. The
value f (c) is local maximum value of f.

i. x=cis apoint of local minima if f "(c) = 0 and f"(c) > 0. The
value f (c) is local minimum value of f.

iii. Thetestfailsif f(c)=0and f(c)=0.

EXTREME VALUE OF A FUNCTION

Let y = f(x) be a real function defined on an interval I and C be any pointin I. Then fis said to
have an extreme value in /if f(c) is either maximum or minimum value of fin /.

Here, f(c)is called the extreme value and Cis called one of the extreme points.
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lllustration:
Letf(x)=(2x—1)*+3.

Then, f(x)>3, as (2x—1)°>0
Forany real number 'x'

=(2x—1)’+3>0+3
/

Thus, minimum value of f(x) is 3, which occurs at x = 2

Also f(x) has no maximum value as f(x) —> e as |x| > e

lllustration:

Letg(x)=—(x—1)’+10.

Then, g(x)=10—(x=1)°<10 V xe Ras (x—1)° is
Always greater them or equal to zero.

Thus maximum value of g(x) is 10, which occurs at x =1

Also g(x) has no minimum value of f(x) 5—cc as |x| — co.

Illustration:

Neither maximum nor minimum value of a function.

Letas consider a function f(x) = x°, xe (-1, 1)

Since this function is an increasing
function in (-1, 1), it should have
minimum value at a point nearest to
—1 and maximum value at a point
nearestto 1.

But we can notlocate such points (see -

figure)

So, f(x) = X*, has neither maximum
nor-minimum valuein (-1, 1).

But, if we extend the domain of fto [-1, 1], then the function f(x) = x° has maximum

value 1 at x=1 and minimum value -1 at x =-1

Note: Every continuous function on an closed interval has a maximum and minimum
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ONE MARK QUESTIONS

Multiple Choice Questions(MCQ)

1.

If afunction f: R— Ris defined by f(x) = 2x + cosx, then
(@) fhasaminimumatx=n

(b) hasamaximum atx=0

(c) fisadecreasingfunction

(d) fisanincreasing function

If the radius of circle is increasing at the rate of 2cm/sec , then the area
of circle whenits radius is 20 cmis increasing at the rate of

(a) 80mm’/sec (b) 80m’/sec
(c) 80mem’/sec (d)  80cm’/sec
The maximum value of logx is:

X
(@) e (b) 2e

o |

1
€ e (d)

The interval on which the function f(x)=2x®+9x°+12x —1

is decreasingis:

(@) [-,) (b) (==, —2]

(€) [-2,-) @ [-.1)

The sides of an equilateral triangle are increasing at the rate of
2cm/sec.The rate at which its area increases, when its sideis 10cmiis :

(a) 10cm®/sec (b) 10v/3 cm? / sec
(c) %cmz/ sec (d) ~3cm?/sec
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The function f{x)= x*, x = o is increasing on the interval

(al (0 e (by (0, 1fe)
ich [Ve, =) id) Mone of these
7. The function f{x) = 2x" — 15x* + 36x + B is increasing in the interval:
{a) (==, 2)U[3, =) (b} (==, 2)
(€) (=x, 2MJ[3, =) (d) [3, =)
8. A point on the curve y-= 18 x at which ordinate increases twice the rate of abscissais
(ar (2, 4) (b} (2 -4)
[ -9 EIW 9 9"i
c = = i Pty e
“ BB, SR,
b .
8. The least value of function f(x)=ax+—(x>0,a>0,b> 0) is:
X
(a) ab (b) 2Jab
{c) ab id) 2ab
5n
10 AL X = r the function fix) = 2 sin 3x + 3cos 3x is
(@) Maximum ib)  Minimum
ich zero (d) Meither maximum nor minimum
11. The function tanx-x :
(a) always increases (b) always deccreases
ic) Remains contain (d} Sometime increases someltime decreases
- 250
12. The minimum value of X° + — is:
X
(a) 75 (b) 85
{c) 50 (dy 20
13, In a sphere of radius r, a right circular cone of height having maximum curved surface
area is inscribed. The expression for the square of curved surface of the cone is;
(@) 2n*rh(2rh+ h*) (b)  wthr(2rh+h?)
(€} 2x°r(2rh® — h*) (d) 2x°r*(2rh - h*)
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ASSERTION REASON TYPE QUESTIONS 1 Marks

Statemeant | is called Assertion (A) Statements |l is called Reason R. Read the given statiments
carefully and chose the correct answer from the four options given below

{a) Both the statement are true and statement ll is correct explantion of statement |

{b) Both the statmetns are treu and statement Il is not the correct explanation of state-
ment |

{c) Statement | is true statement |l is false
id) Statementlis false and statement || is true

o
14. Statement |. The function f{x} = x*, x = 0, is strictly increasing in [ E.’f 1
\ }

Statement Il : log, X >b = x >a" fa>1

15. Let @, b & R be such that the function f given by f(x)=log|x|+bx* +an x #0

has extreme values atx==1,andx=2
Statement | | f has local maximum atx=—1and x =2

Statement Il : g = 1 and b =—
2 -+

16. Let f(x)=2x* -15x> + 36x +1

Statement | - f is sfrictly decreasing in [2, 3]
Statement | : f is strictly increasing in (- =, 2] U [3, =)
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10.

11.

12.

13.

14.

15.

TWO MARKS QUESTIONS

The sum of the two numbers is 8, what will be the maximum value of
the sum of their reciprocals.

Find the maximum value of f(x) = 2x*> — 24x + 107 in the interval [1, 3]

If the rate of change of Area of a circle is equal to the rate of change its
diameter. Find the radius of the circle.

The sides of on equilateral triangle are increasing at the rate of 2 cm/s.

Find the rate at which the area increases, when side is 10 cm.

If there is an error of a% in measuring the edge of cube, then what is the percentge
error in its surface?

If an error of k% is made in measuring the radius of a sphere, then what is the
percentage error in its volume?

If the curves y = 2exand y = ae™ intersect orthogonally, then find a.

Find the point on the curve y? = 8x for which the abscissa and ordinate change at the
same rate.

Prove that the function f(x) = tan x — 4x is strictly decreasing on [—?n

i
3
Find the point on the curve y = x3 where the slope of the tangent is equal to the x co-
ordinate of the point.

Use differentials to approximate the cube root of 66.

Find the maximum and minimum values of the function f(x) = sin (sin x)

Find the local maxima and minima of the function f(x) = 2x® — 21x? + 36x — 20.

If y = alog x + bx? + x has its exteme values at x = -1 and x = 2, then find a and b.

If the radius of the circle increases from 5 into 5.1 cm, then find the increase in area.

112
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THREE MARKS QUESTIONS

1. In a competition, a brave child tries to inflate a huge spherical balloon
bearing slogans against child labour at the rate of 900 cm?3 of gas per
second. Find the rate at which the radius of the balloon is increasing,

when its radius is 15 cm.

2. An inverted cone has a depth of 10 cm and a base of radius 5 cm.
Water is poured into it at the rate of gc.c. per minute. Find the rate at

which the level of water in the cone is rising when the depth is 4 cm.

3. The volume of a cube is increasing at a constant rate. Prove that the
increase in its surface area varies inversely as the length of an edge of

the cube.

4. Akite is moving horizontally at a height of 151.5 meters. If the speed of
the kite is 10m/sec, how fast is the string being let out when the kite is
250 m away from the boy who is flying the kite ? The height of the boy

is 1.5 m.

5. A swimming pool is to be drained for cleaning. If L represents the
number of litres of water in the pool t seconds after the pool has been
plugged off to drain and L = 200(10 — t)%. How fast is the water
running out at the end of 5 sec. and what is the average rate at which
the water flows out during the first 5 seconds?

6. A man 2m tall, walk at a uniform speed of 6km/h away from a lamp
post 6m high. Find the rate at which the length of his shadow
increases.

7. A water tank has the shape of an inverted right circular cone with its
axis vertical and vertex lower most. Its semi- vertical angle is
tan~1(0.5). water is poured into it at a constant rate of5m3/h. Find the
rate at which the level of the water is rising at the instant, when the
depth of Water in the tank is 4m.
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8. A spherical ball of salt is dissolving in water in such a manner that the
rate of decrease of the volume at any instant is proportional to the
surface area. Prove that the radius is decreasing at a constant rate.

9. A conical vessel whose height is 10 meters and the radius of whose
base is half that of the height is being filled with a liquid at a uniform
rate of 1.5m3/min. find the rate at which the level of the water in the
vessel is rising when it is 3m below the top of the vessel.

10. Let x and y be the sides of two squares such thaty = x — x2. Find the
rate of change of area of the second square w.r.t. the area of the first
square.

11. The length of a rectangle is increasing at the rate of 3.5 cm/sec. and its
breadth is decreasing at the rate of 3 cm/sec. Find the rate of change
of the area of the rectangle when length is 12 cm and breadth is 8 cm.

12. If the areas of a circle increases at a uniform rate, then prove that the
perimeter various inversely as the radius.

13. Show that f(x) =x3—6x2+18x+5 is an increasing function for
allx € R. Find its value when the rate of increase of f(x) is least.

[Hint: Rate of increase is least when f'(x) is least.]

14. Determine whether the following function is increasing or decreasing in

the given interval: f(x) = cos (Zx + %) %ﬂ <x< %n.

15. Determine for which values of x, the function y=x* —% is increasing
and for which it is decreasing.

16. Find the interval of increasing and decreasing of the function

fl) ==&

17. Find the interval of increasing and decreasing of the functionf(x) =
sinx —cosx, 0 < x < 2m.

18. Show that f(x) =x%e™¥,0<x <2 is increasing in the indicated
interval.
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19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

4 sin 6

——— — 6@ is an increasing function of
2+cos @

Prove that the function y =
. Vs

0in [0_ ;].

Find the intervals in which the following functionis decreasing.

f(x) = x* —8x3 +22x2% — 24x + 21

3 s
Find the interval in which the function f(x) = 5x2 —3x2,x >0 is
strictly decreasing.

Show that the function f(x) = tan™!(sinx + cos x),is strictly increasing
the interval (0, E).
4

.2
Find the interval in which the function f(x) = cos™? (L;) is

increasing or decreasing.
Find the interval in which the function given by

()_3x4 4x3 32_|_36x_|_11
O =355 =3+

(i) strictly increasing

(i) strictly decreasing

Show that the curves xy = a? and x? + y? = 2a? touch each other.

For the curve y = 5x — 2x% if x increases at the rate of 2 Units/sec.
then how fast is the slope of the curve changing when x=37?

If the radius of a circle increases from 5 cm to 5.1 cm, find the increase

in area.

If the side of a cube be increased by 0.1%, find the corresponding

increase in the volume of the cube.
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29. Find the maximum and minimum values of f(x) =sinx+%cos 2x in
Vs
03]

30. Find the absolute maximum value and absolute minimum value of the

2
following question f(x) = G— x) +x3 in[-2, 2.5]

31. Find the maximum and minimum values of f(x) = x°° — x2° in the
interval [0, 1]

32. Find the absolute maximum and absolute minimum value of

f(xX)=x—-2)vx—1 in [1, 9]

33. Find the difference between the greatest and least values of the

function f(x) = sin 2x — x on [—%%]

FIVE MARKS QUESTIONS

1. Prove that the least perimeter of an isosceles triangle in which a circle
of radius r can be inscribed is 6v3 r.

2. If the sum of length of hypotenuse and a side of a right angled triangle
is given, show that area of triangle is maximum, when the angle

between them is %

3. Show that semi-vertical angle of a cone of maximum volume and given
S 11
slant height is cos (\/5) .
4. The sum of the surface areas of cuboids with sides x, 2x and g and a

sphere is given to be constant. Prove that the sum of their volumes is
minimum if x = 3 radius of the sphere. Also find the minimum value of
the sum of their volumes.

5. Show that the volume of the largest cone that can be inscribed in a

sphere of radius R is % of the volume of the sphere.

6. Show that the cone of the greatest volume which can be inscribed in a

given sphere has an altitude equal to g of the diameter of the sphere.
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10.

11.

12.

13.

Prove that the radius of the right circular cylinder of greatest curved
surface area which can be inscribed in a given cone is half of that of
the cone.

Show that the volume of the greatest cylinder which can be inscribed in

a cone of height h and semi-vertical angle « is 24—77rh3tan2a. Also

show that height of the cylinder is g

Find the point on the curve y? = 4x which is nearest to the point (2,1).

Find the shortest distance between the line y — x = 1 and the curvex =

y2.

A wire of length 36 m is to be cut into two pieces. One of the pieces is
to be made into a square and the other into a circle. What should be
the length of the two pieces, so that the combined area of the square
and the circle is minimum?

Show that the height of the cylinder of maximum volume that can be
2r

inscribed in a sphere of radius r is NG

Find the area of greatest rectangle that can be inscribed in an ellipse
x2 y2
pr) + ey =1.

SELF ASSESSMENT-1

EACH OF THE FOLLOWING MCQ HAS ONE OPTION CORRECT, CHOOSE THE
CORRECT ONE.

1.

For the curve y = 5x — 2x3, if x increases at the rate of 2 units/sec, then how fast is the

slope of curve changingwhen x=3

(@) 72units/sec (b) —72units/sec
54 units/sec (d) —54units/sec
. AR
The function f(x) = tan x—4x, on | ~3'3) i®
(a) strictly decreasing (b) strictly increasing

neitherincreasing nor deceasing

(d) None ofthese
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3.

The curve y = xe* has minimum value equal to
(a) 1 (b) O

1
(c) —e (d) /;

The sides of an equilateral triangle are increasing at the rate of 2 cm/sec. The rate (in
cm?/sec) at which the areaincreases, when sideis 10 cmis

(@) 10 (b) 5
) 1043 d) 5v3
Ifab=2a+3b,a>0, b>0thenthe minimum value of abis
(a) 6 (b) 12
(c) 24 (d) 48

SELF ASSESSMENT-2

EACH OF THE FOLLOWING MCQ HAS ONE OPTION CORRECT, CHOOSE THE
CORRECT ONE.

1.

If the function f(x) = 2x®—9ax? + 12a? x + 1 where a > 0, attains its maximum and minimum
atpand grespectively suchthat p?=q, thena=

(@) 0 (b) 1
(c) 2 d) 3
2. Theintervalinwhich y=-x3+3x2+ 2022 isincreasing is
(@) (==,0)u(2,0) (b) (2,)
(c) (0,2) (d) (==, 0)
3. The maximum value of the function f(x) = 4sinx.cosx is
(a) 1 (b) 2
(c) 3 (d) 4
i n
4. Which of the following function is decreasing on | 0, 2
5
(a) cosx (b) sinx
(c) tanx (d) sin2x
5. Aman of height 2 metres walks at a uniform speed of 5 km/h away from a lamp post which
is 6 metres high. The rate at which the length of his shadow increases is
(@) 5km/hr (b) 2km/hr
(c) 3km/hr (d) 2.5km/hr
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Answers

ONE MARK QUESTIONS

Answer
1. (d) fis an increasing
2. (c) 80ncm® / sec

3. () 1
e

4. (c)[-2, -1]
5. (b) 10v3cm? [ sec
6. (c)[1/e, «)
7. (C) (o=, 2] U [3, =)

o @ 5'3)

9. (b) 2vab
10. (d) Neither maximum
nor minimum
11. (a) always increases

12.(a) 75
13.(c) 2r°r(2rh® —h")

ASSERTION REASON TYPE
QUESTIONS
14.(a) Both the statements are true

and statement |l is correct explanation
of statement .

15.(a) Both the statements are true
and statement Il is correct explanation
of statement I.

16.(b) Both the statements are true

and statement Il is not the correct
explanation of statement I.

TWO MARKS QUESTIONS

® N o o &

1.

12.
13.

14.

15.

— units
i

103 cm? / s
2a%

3k %

Vs

(2, 4)

(0,0)

4.042

sin 1, —sin 1

Local maxima at x = 1
Local minima at x =6

a=2,b=-"%

nem’

THREE MARKS QUESTIONS

1.

1 cm/s

R

EBE cm/min
8 m/sec.
3000 L/s

3 km/h

3 m/h
88

im/min
491 '
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10. 1 —3x + 2x2 26. decrease 72 units/sec.
2

1. 8cm sec 27. mcm?

13. 25

14. Increasing 28. 0.3%

3 . _1
15. Increasing forall x > 1 29.  max. value =p mim value 2

Decreasing forall x < 1
30. ab. Max.= % _ab. Min. = ‘77

16. Increasing on (o, e)

. 31. max.value=0,
Decreasing on [e, o)

. -3[2]2/3

17. Increasing on min.value = — [g]

(O, ﬁj U (E’an 32. ab.Max=14atx=9

4 4
ab. Min.= 41—33 atx = z
Decreasing on [%”.%”]
33. w
20. (-oo,1]U[2,3]
21. [1,00] FIVE MARKS QUESTIONS
23. increasing on [0, ) 4 1863+ & o3
_ 3

Decreasing (-, 0] 9 (1, 2)

24. (i) Strictly increasing
3v2
[-2,1] U [3, ) 0 =5
(ii) Strictly decreasing 1, e 3em o,
(-oo’ _2] U [1’ 3] T+4 T+4
13.  2ab sq. Units.
SELF ASSESSMENT TEST-1
1. (b) 2. (a) 3. (d) 4. (c) 5. (¢)
SELF ASSESSMENT TEST-2
1. (c) 2. (c) 3. (b) 4. (a) 5. (d)
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CHAPTER 7
INTEGRALS

There are many applications of integration in the field such as Physics, Engineering,
Business, Economics etc. One of the important application of integration is finding the profit
function of producing a certain number of cars if the marginal cost and revenue function are
known. Companies can thus determine the maximum profit that can be earned and in this
way plan their production, labour and other infrastructure accordingly.

| INTEGRALS |
Topics to be covered as per C.B.S.E. revised syllabus (2025-26)

* Integration as inverse process of differentiation
* Integration of a variety of functions by substitution, by partial fractions and by parts

» Evaluation of simple integrals of the following types and problems based on them.

d d d d d
rrr R ervtl ket Prrrrrl ey

ép:r+q' dx.j gx+ g dx..[\'[azixzdx.jv'lxz—az dx
ax“tbx+c \,'Iax2+ﬁx+¢

e
Iuaxz +bx+c dx

Fundamental Theorem of Calculus (without proof).
» Basic properties of definite integrals and evaluation of definite integrals.
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POINTS TO REMEMBER

10.

Integration or anti derivative is the reverse process of Differentiation.

Let = F(x) = f(x) then we write [ f(x) dx = F(x) + c.

These integrals are called indefinite integrals and c is called constant of

integration.

From geometrical point of view, an indefinite integral is the collection of
family of curves each of which is obtained by translating one of the

curves parallel to itself upwards or downwards along y-axis.

STANDARD FORMULAE

Xn+1

[xPdx =1 n+1
loge|x| +¢c, n=-1

+¢c, n=#-1

(ax+b)n+1

[ax+byrdx={ O+
;loglax+b| +¢ n=-1

n+-—1

[sinxdx = —cosx +c.

Jcosxdx =sinx+c

[ tanx.dx = —log|cosx| + ¢ = log|secx]| + c.
[ cotx dx = log|sinx| + c.

[sec?xdx = tanx+c

J cosec? xdx = —cotx+c
[secx tanx dx = secx +c¢

[ cosecx cotx dx = —cosecx + ¢

122
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11.

12.

13.

14,

15.

16.

17.

18.

19.

20.

21.

22.

[ secxdx = log|secx + tanx| + ¢

= log|tan(§+z)| +c

[ cosecx dx = log|cosec x — cotx| + ¢
X
= log|tan§| +c

fe*dx = eX+¢

ax
[a* dx = +c
loga

1 R
fmdx—sm x+c,|x| <1

= —cos x+c

1
J—=dx=tan"'x+c
1+x

= —cot™Ix+c

flxl\/% dx = sec‘1x+c,|x| >1

= —cosec x4 ¢

1 1 a+x
—— dx = —log|—| +c
faz—xz 2a g a—x +
1 1 X—a
—— dx = —log|—| +c
fxz—az 2a g X+a +

1 1 _1X
Il dx =-tan"'=+¢
aZ+x2 a a

1 L1 X x
S 1X L -1X
f = dx = sin a+c cos™ —+c

fﬁdx = log|x + VaZ + x2| + ¢
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23. fﬁdxz log|x + Vx2 —a%| + ¢

2

24,  [+a?—x?dx = EVaZ—X2+a7sin_1§+c
2

25.  [Va?+x%dx =2VaZ +x% + > log|x + VaZ + x%| + ¢
2

26. [Vx?2—a?dx= EVXZ—aZ—a?log|x+\/x2—a2|+c

RULES OF INTEGRATION

1. () 65+ . X)) dx = [fX)dx+ [ f,x)dxt.. .....
[ f,(x)dx

I+

2. [k f(x)dx = k [ f(x)dx.
3. [eX{f(x) + f'(x)}dx = e*f(x) + c
INTEGRATION BY SUBSTITUTION

f’
1. f%)dx = log|f(x)| + ¢

2. (GO ' ()dx = T 4

n+1

w

f'(x) _ (feo)~n*t
J.[f(x)]n dx = -n+1 tc

INTEGRATION BY PARTS

[ g () dx =7 () [g (x) ax —[[ f (x) [g (x) dx ]

DEFINITE INTEGRALS

b
ff(x)dx = F(b) — F(a),where F(x) = ff(x) dx
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DEFINITE INTEGRAL AS A LIMIT OF SUMS.

b
J-f(x)dx = }lli_r)r(l)h [f(a) + f(a+ h) + f(a + 2h) + -+ f(a + n — 1h)]

Where h = b%a or fab f(x)dx = limy,_,,[h X, f(a + rh)]

PROPERTIES OF DEFINITE INTEGRAL

b

f(x)=—] f(x)dx
Jro=]

a

=

N

b b
. jf(x)dx=jf(t)dt.

w

. jbf(x)dx= ff(x)dx+jbf(x)dx.

-

b b
(i)]f(x)dx= jf(a+b—x)dx.
(i) f f(x)dx = ff(a —x)dx
5. ff(x)dx =2 faf (x)dx, if f (x)iseven function

6. ff (x)dx = 0if f (x) is an odd function

—-a

7. _Zfaf (x)dx = {sz (x)dx, iff(2a—x) = f(x)
0 0 0, if fQa—x) = —f(x)
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Illustration:

Evaluate je" (X — jf dx
( ) Jor(1-2a) o
“[f(x

Solution: /=

- 4 e )z}dx It is of the form e{f(x)+f’(x)} dx

4

x)+f'(x)]dx, where f(x)=1-
x+4

Je
-Je
-Je

:exf(x)+C:ex(1— 4 j+C: X _.c
X+4 X+4

lllustration:
Find
J‘x+1)
2_
Solution: j X +12 ax = wdx
(x+1) (x+1)
J-(x+1) —2(x+1)+2d

(x+1)

:J‘{1—L+ 2 2}dx
X+1 (x+1)

:x—2log|x+1|—i+C
x+1

lllustration:
ool sin® xcos” x
Evaluate j = T aX
9 (sin” ¥ +Ccos™ x)
=4 - - i d -
Soluti j' sin® xcos® x " tan® xsec? x
olution: _ = J ek B i B
: (sin® x + cos® x)° ’ (tan® x + 1)

[dividing Num and Den by cos®x]
Putz=tan®x+1,
then dz = 3tan®x sec®x dx
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Alsowhen x=0,z=0andwhen x = z Z=2

1 2
Nuwf_l E__l[l] __1{1_1]_1
3.2 3z, 32 6

lllustration:
nid
. x+mid
FlndI e Y
2-Cos2x
]',Il-d-
nid4 X+ s x4 5
Solution: j 4 gx= j —  dx+— J —x
4 2-c0s2x i, 2-cos2x 4 4 2-cos2x
= {]'+ -2 I cm— [Since first functionis an even function
COSX and second function is an odd function
14
i fx

:EJ—
- 2
2 & 2(1-2sin” x)

_m _[ sec? x dx [dividing num and den by cos*x]
2 3tan’ x+1

Put z = /3 tan x, then dz = /3 sec? xdx

Also when x =0, z=0, and whenx:%,z:\/g

) n 3
-~ From (i), I = E tan z]o
o
=—(tan"J3-tan'0
2\/§|: :I
T -1
=——tan \/5
23
T T T2
“2/33 63
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ONE MARK QUESTIONS

Evaluate the following integrals:

1. Integrate E“EJ’XHHX

15
(@ - (b) 20/5
(c) 20/3 (d) 3/20
2 Esinex dx =
n .
@ 3 (b) 7
(c) 2n (d) 4n
COsS2x
3. d | to:
J.Lfsin.u:+(;<:ts.}r',|2 S R
1 _
(g ——— +C (b} loglsinx+cosxl+c

S5INX +CO5X

(© (sinx +cos x)* (d) loglsinx —cosx|+¢

(1+I0gx)
4. == 7 X

(a) %{H'Ug x)’+c (b) %{1+Iogx}"" +C

(c) log(log1+x)+c®  (d) None of these

J-s.ir'n2 x —cos? x

h sin” x.cos” x X equal
(a) tanx +cosx +c¢ (b) tanx +cosec x +¢
(c) tanx +cotx +c (d) tanx +secx+c
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et dx’

3 = '
6. The value of _l_h = is !
1
(a) Elﬂgi—ﬂ (b) log (-1)
(c) log3 (d) log\3
i e} =
7. The value of |tan’ —Eldx is:
L1+ X — X" )
(a) 1 (b} O
pid
(e) -1 (d) 4
xa
8. J{drf TR equal to
T % 2 A
——— 4 - |c A 4 ...... c
(@) 5x | " ;| (b) SL x?J 1
1 f et o
| c
(© 10x '\ x° 1 kg & 1G|ax2+
| —
g If I —dx =9(1+ x*)** + bVv1+ x° +¢
V1+ x?
a—jb—1 b a—-1-b—1
{a} - 3' B { ]I - 3' -
{.;ja—.—-;,b——1 {d]a—.1t3——1
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ASSERTION-REASON BASED QUESTIONS

In the following questions, a statement of ssertion (A) is followed by a state-
ment of Reason (R). Choose the correct answer out of the following choices.

(a)Both A and R are true and R is the correct explanation of A
(b)Both A and R are true but R is not the correct explanation of A
(c) A is true but R is false

(d)A is false but R is true.

_ dx 1 f X+1)
1. Assertion (A) Im—ﬁ n Lﬁl
) 1 )
Reason (R) : Jx2+ag =Eta” |-E,j+c

2. Assertion (A) : _"e‘[sinx -cosxldx =e*sinx +¢

Reason (R) : je-“[f{x} +f'(x)]dx = e” (f(x)+c¢

i

%}dx -0

3. Assertion (A) : ﬁ,lﬂgk .
Reason (R) : [: F(x)dx = 0 if f(2a - X)

] 1 T

4. Assertion (A) : _I;.E de =

Reason (R) : ff{x}dx = Ef{a+b x)dx
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TWO MARKS QUESTIONS

Evaluate :
1. J'eilﬂg[nﬂj—ingx]dx 1. jxiugzx dx
1 nid .
2. -IMT;_I?JX 12. IU V1+sin 2x dx
3. _[ sin xsin 2xdx 13. r”e“ (sinx—msx]dx
'l el : » .
4. ‘!L}';Tx + & ]dx 14, ! (30 Ehf?)
dx
x/2. (5+3c08X 15. [ dx
I -
= jD © [5+35inx]¢x I"al*e :
log|sinx|
6 ra +b" 16. -I._'tanx o
c’ . 4 q
5 Ian3x+msaxdx
g (um__':] sin® x + cos® x
- 18.  [ianx (1+tan’x)dx
o [era
sin2x
. 205
9. [27" 27 2% 19 '|-{a+l:u::a::9.m)2
sin{2tan~"x s
10. J(—z—)‘-"* 20. I—x2+1 dx

1+%
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Evaluate :

. x cosec (tan~! x2)

(i) f—1+x4 dx

. f Vx+1—vx
(ii) \/Wh/_

1
("I) f sin(x—a) sin(x—b) dx

. cos(x+a)

(IV) f cos(x—a)

(v) [ cos 2x cos4x cos 6x dx
(vij [ tan2xtan3xtan5x dx
(viiy [ sin*x cos*x dx

wiiiy J cot®x cosec*x dx

. sinx cosx . 2 .2 2 2, — 2
(ix) f—azsinzx+b2coszx dx [Hint: Put a®sin“x + b“cos“x = tort

1
(x) f\/cos3x cos(x+a) dx
) f sin®x+ cos®x
(xi) sin?x cos?x
. f sinx+ cosx

(xii) Vsin 2x

THREE MARKS QUESTIONS

132
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Evaluate :

X

2. (I) fmdx

1
f x[6(logx)2+7logx+2]

(ii)

1

DI B eeepwentis

i) [EHax

x*+1

1

OB e

. 5x—2
U eeremey

. x?
(vii) J-)(2+6x+1
(viii) f\/::__zxzdx

(ix) [xV1+x—x%dx

(x) J-$n4x dx

cos8x

(xi) f\/secx——l dx [Hint: Multiply and divided by v/secx + 1]

Evaluate :
. dx
3. U fﬂﬂ+ﬂ
3x+5
i e
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sin®cos O
(il fcosze—cos(-)—z de
. dx
v J 2-x)(x2+3)
f X2 +x+2 d
V) x-2G-D

. (x2+1)(x*+2)
V) J e &

.. dx
(V”) f (2x+1)(x2+4)

x?-1

x*+x2+1

(viii)

(ix)  [+tanxdx

dx
sin x—sin 2x

0
4.  Evaluate:

()  [x®sinx®dx

(i) [ sec3x dx

(i) [ e*cos(bx + c) dx

(iv) Jsin™* (1+6;(x2) dx [Hint: Put 3x=tan 6]

V) [ cos+/x dx

(viy Jx3tan"'xdx
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(Vii) fezx (1+sin ZX) dx

1+cos 2x

(vili) f[lolgx B (loglx)z] dx
(ix)  [+V2ax —x2dx

(X) feX (+1) dx

(x+1)2
(xi)  [x3sin”?! (i) dx

logx =t

1 .
(xii) f{log(logx) + (logx)z} dx [Hint: Put x = ef]

i) [(6x+5)V6 + x — x2 dx

1
o) S dx

() S tan (F7) dx

. f dx
(XVI) 5+4 cosx

5. Evaluate the following definite integrals:
. T/, sinx+cosx
(I) fO 49+16 sin 2x

(ii) fon/z cos 2x log sinx dx

1 1-x?
@iy [y x /Tzzdx

1/ A
(iV) f V2 sinTx

0 (1-x2)/2 X
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(V) f“/z sin 2x

0  sin*x + cos*x
. 1 . _ 1+x
(vi) [, sin <2 tan~! E) dx

.. T/, x + sinx
(V”) fO 1+ cosx dx

(viii)  f xlog(1+3) dx

(ix) f_lizlx cos Tx| dx

(x) ffﬁ(cos ax—sinbx)? dx
Evaluate:

() Llx—21+Ix—3]+Ix— 4] dx

(i)  fy—

1+sinx

W e[ g

1+x2

. T X sinx
(IV) fO 1+cos?x dx

V) f[x] dx

. T/, xsinx cosx
2
(VI) fO sin*x+ cos*x dx

(vii) f(;T; dx [Hint: use foa f(x)dx = foa f(a — x)dx

a2 cos?x+ b2sin?x

136
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7.  Evaluate the following integrals:

. /3 d
0 s

/2

(ii) J. (sin|x|+cos|x|)dx
_nz
T eCOSX
(111) fw dx

0

]E X tan X dx

(iv)

0 secX + cosec x

) f E dx

8. Evaluate

S Y SO |
(D) fsm VX cosi VX dx x€[0,1]

sin~1v/x + cos~1+/x

3 ’1—\5
(i) j 1+\/de

x* &
(iii) J(x+ 2)2 dx

XZ

) .[ (xsinx + cos x)? dx

W) f sin™?! \/z dx
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/3
sinx + cosx
(vi) f dx

Vsin 2x

( _)j sin x d
v sin 4x X
3/2

(viii) f |x sinmx| dx

sin(x — a)
@ )f sin(x + a)

X 4
) f 1)+ >

( )fc055x+cos4x
Xl 1 —2cos3x

FIVE MARKS QUESTIONS

Evaluate the following integrals:

L [(x°+4
(l),[x5—xdx

2et

ii dt
(@) f e3t —6e’t + 11le' — 6

2X d
® | Gy
1 + sinx
(v )_[smx (14 cosx)
/5

W) f (Vtanx + V/cotx) dx
0

138
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10.

11.

1
i) 1—X2d
Vi fx T2
0

/2

(VH) f COSX

1+ cosx + sinx

Evaluate the following integrals as limit of sums:

4
@ | @2x+1)dx
l
2
(i) [ (x* + 3) dx
|
(iii) j(3x2 —2x+4) dx
4
(iv)'[(Sx2 +e?¥) dx
0
1
(v) | e?73% dx
/

(vi) f(3x2 +2x+1) dx

Evaluate:

) dx
M j (sinx — 2 cosx)(2 sinx + cosx)

log(1+x)
@ )J- 1+ x2

/2

(iii) J’ (2logsinx — log sin 2x) dx
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1
12. fx(tan'1 x)? dx

0
"/

13. J logsinx dx
0

1
1
14. Prove thatjtan‘1 (1
0

1
ﬂ) dx =2 ftan‘lxdx
0

Hence or otherwise evaluate the integral Jtan'l(l X + xz) dx.

T in2
15. Evaluate f0/2 i

sin x+cos x

SELF ASSESSMENT-1

EACH OF THE FOLLOWING MCQ HAS ONE OPTION CORRECT, CHOOSE THE

CORRECT ALTERNATIVE.

1. 1= _[(x“' + 1)+ (% + N(x +1)(x — Nax =

(@) x®-1+c (b) x'"—x+c
"7 410
(c) 7 —x+¢ (d) g %7€

2. [sin(x? +2022).d(x*) =

(@) 2x.sin(x®+2022)+c (b) —2x.cos(x?+2022)+
(c) sin(x*+2022)+c (d) —cos(x*+2022)+c
f e — im® 1_' b
3. jcns" xA/sinx dx = e AR L +c, then(a+b)=
3 T
(@) 2 (b) 4
() 5 (d) 6
sin x — cos® x
4- j_.__.___ - d .
sin® x.cos® x
(a) tanx+cotx+c (b) —tanx+cotx+c
(c) tanx + cosecx + ¢ (d) tanx +secx +c
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xl2
5 J sin? xdx = =, then k =
(@ 0.25 (b) 05

(c) 1 (d) 4

SELF ASSESSMENT-2
EACH OF THE FOLLOWING MCQ HAS ONE OPTION CORRECT, CHOOSE THE
CORRECT ALTERNATIVE.
ni2
1. J logtan xdx =
0

(@ 0 (b) 1
T
(c) = (d) >
+ X
2 J1—5inxd a
(a) 4n b %
(c) = (d) 2=

3 Jlog(x2+1)dx:
(@) xlog(x*+1)—2x+2tan”'x+c (b) xlog(x*+1)—2x—2tan™"x+c

(c) xlog(x*+1)+2x+2tan”'x+¢ (d) Noneofthese

4, je".sinxdx =

e*(sinx + cos x) e*(sinx — cos x)
+ —=——"4c

@ v (0) ~
© ex(—sin)2(+cosx)+C ) —ex(sin)z(—cosx)+C

5. J-ccs? xdx =ax+bsin2x+c then (2a+4b+1)=

(@) 0 (b) 1
() 3 (d) -7
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Answers
ONE MARKS QUESTIONS

3. (b) loglsinx+cosx!+c

4. (a) %{hlﬂgrf—c

5 {c) tanx+cotx+c

6. (c) log 3
7. (b) O
ll 4I| A
10\ x° /
1
a=—,b=-1
9. 3’

INTEGRAL ASSERTION REASONS

1. Ais true and R is correct explanation of A

2. Option (d} I1s carrect

3. Option (b) is correct

4, (a)Ais true and R is correct explanation of A

142
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TWO MARKS QUESTIONS

1. X+logx+c

2. Z((x+2)%—(x+1)%]+c

3
3. _—1[%— sin x] +C
2
2 a«1 X
4. 1X—lalog|x|+X 2 e
a2 a+1 loga
5. 0
G ()
6. ¢ e
= + 5 +C
log|—| log|—
c c
2
7_ ai+k)g—|)(|_2X_,C
2 a
8. 27e” kC
log(2e)
27"
9. 2—3 +C
(log2)
-1
10. —[ms{ztan x)]*c
2

1.

12.

14.

15.

16.

17.

18.

19.

20.

o

2 2
X—IogZx—X—+C
2 4

19
99

T
-1 _
tan" e 2

log|sin x|2
2

-C

log|secx + tan x|

+ log |cosec x — cot x| + C

i(lanxf"z e

- E';—lluma rbcosx|+

a+bcosx |

x—%log‘x2 +1‘+tan‘1 x+C

[Class XII : Maths]
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(i)

(ii)

(iif)

(iv)

(v)

(vi)

(vii)

(viii)

(ix)

(x)

(xii)

(vi)

(i)

(ii)

(iii)

THREE MARKS QUESTIONS
%log [cosec(tan‘1 x?) — Xiz] +c

%(XZ —xvVx2 — 1) +%log|x+m| +c

sin(x—a)
sin(x—b)

+C

sin(a—b)

X cos 2a — sin 2a log|sec(x —a)| + ¢
Ex—lsian +isin4x+ C

8 4 32

1 1 1

Eloglsec 5x| —Eloglsec 2x| — Eloglsec 3x| + ¢

i[2x+ lsin 2X —lsin4x —lsin6x] +c
32 2 2 6

cot®x  cot*x
(e oty
6 4

1

——+/a?sin?x + b2cos?x + ¢
a?-b?

—2coseca \/cos a—tanxsina+c
tanx —cotx—3x+ ¢

sin~![sinx — cos x| + ¢

1 1 (2x%*+1

—tan ( ) +cC

V3 V3

1 |210gx
3logx

|+c

-2
Vtanx

+ gtan3/2x +c

144
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0 (- )

(v) 210g|\/x—a+\/x—b| +c

. E 2 —_11 -1 3x+1
(vi) 610g|3x + 2x + 1|+3ﬁtan (ﬁ)+c

(viij  x—3log|x* + 6x + 12| + 2v/3tan™" (X_g) +c

(viii) —VAx — x2 + 4sin~! (";—2) +c

_ 1 1 5 . _q(2x-1
(ix) —3@+x—x)¥+-(2x-DVI+x—x2+sin 1( T/E )+c

(x) tan®x = tan’x
+
5 7

+cC

(xi) —log|cosx+%+\/coszx+cosx| +c

1 7
3. ) ;log e I
1 +1 4
iy log i_—l ——+c

(iii) _?Zloglcose—Zl—§10g|1+cosel +c

o Lol 4 a1 (X

(iv) " og 2-0)? + 7\/§tan (\E) +c
_2)\2

(v) x+4log|(’;_21) +c

i) x+ %tan‘1 (%) —3 tan™?! (g) +c
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(vii)

(viii)

(ix)

(x)

4. (i)

(ii)

(iii)

(iv)

(v)

(vi)

(vii)

(viii)

(ix)

(x)

(xi)

(xii)
(xiii)

ilog|2x+ 1] —iloglx2 +4] +—tan" 124 c
17 17 34 2

1 x2—x+1

-lo | +c

2 g X2+x+1

1 —1 (tanx -1 1 tan x—V2 tanx+1
—tan + — log|————
V2 V2tanx 2V2 tanx+v2 tanx+1

—%loglcosx— 1] —%loglcosx + 1| +§log|1 —2cosx| +c

3cosx® +sinx3] + ¢

W

[—x

2 [secxtanx + log|secx + tanx|] + c
2

eax

a?+b?

[acos(bx + ¢) + bsin(bx + ¢)] + ¢

2x tan~! 3x — %log |1+ 9x?| +c

2[Vxsinvx + cos Vx| + ¢

x*-1 _ x3  x
( )tan Ix—=—+=-+c
4 12 4

1
Eezxtanx+ C

logx
(?) V2ax — x¥ + %sin‘1 (?) +c
e* (g) +c

X;sin_1 (i) +"j—;2m +c

xlog|logx| — @ +c

> - —_
~2(6 +x—x%) + 8[Z Ve T x —2 + Zsin! (2| 4 c

146
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(xiv)
(xv)

(xvi)

(if)
(iii)
(iv)

(v)
(vi)
(vii)

(viii)

(ix)

(x)

(i)

(ii)
(iif)
(iv)
(v)

1 _1 2 1 -1
3log|x+1| 6loglx X+1|+\/§tan (

xtan‘lx—%logll +x%| —xtan" 15+ ¢

Ztan~1 (ltanf) +c
3 3 2

N A

1 . 1 .

2T + —sin 2am — —sin 2bm
2a 2b

1

2

T

en/4 + e_n/4

1
~ 12
4

5-vV3-+2
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(vi)
(i)

(iif)

(ii)

(iii)

T (vi) -—
16 2a
L iy 2
12
2
. TC
iv —
i v =
aT
2(2x-1) . _ 2Vx—x2
S sinT x4+ S—— —x+c
T TT
—2V1T—x+cos ' Vx+Vx—x%+c
X—2
—e*+c
+2
sinx—xcosx
X sinX+cosx
_ X
(x + a) tan 1\E—\/ax+c
. _1vV3-1
2sin™ 1=
2
1 1 —sinx 1 1+v2 sinx
- lo —| — — log |[——
8 1+ sinx 42 1—/2sinx
1
P )

(cos2a)(x + a) — (sin 2a) log|sin(x + a)| + ¢
4 2 9 2
—Eloglx + 4| +§log|X +9|+c
— (lSiHZX + sinx) +c
2
x — 4log|x| +Zlog|x —1] +zlog|x+ 1] + loglx? +1|

-1 _
— tan Ix+c¢c

(et-1)(et-3)

(et-2)2

log

|+c

148

[Class XII

: Maths]



27

. 81
(iv) 2x—§log|x+ 1|+Elog|x—3|—2(x_3)+c
1 1—cosx X
(V) Zlog |1+cos 2(1+cos ) + tanE te
T . =2
(vi) i (vii)
(viii) T —>log2
. 26
10. @ 14 @3
1 1
(iii) 26 (v) 5(62 e
i) (127 +¢®) (vi) 3
- . I
11. (i) élog Zt:nxxfl +c (ii) 51082
T 1
(i)~ Zlo83
m w1
12. E—Z+Elog2
13. ?logZ
14. log 2
1
15. \/—Elog|\/§+ 1|
SELF ASSESSMENT TEST-1
ir
1. (c) ’1‘? _X4+0 2. (d) —cos(x?+2022)+c

4. (a) tanx+cotx+c

1. (@)0

X/
4. (b) € (SII’]X—COSX)+C

2

2. (c)m

5. (d) 4

SELF ASSESSMENT TEST-2

5.(c) 3

3.(c) 5

3. (a) xlog(x*+1)—2x+2tan"'x+¢
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CHAPTER 8
APPLICATIONS OF INTEGRALS

In real life, integrations are used in various
fields such as engineering, where engineers
use integrals to find the shape of building. In
Physics, used in the centre of gravity etc. In
the field of graphical representation. Where
three-dimensional models are demonstrated.

1
3
E
]

i=

The PETRONAS TOWERS in KUALA
LUMPUR experience high forces due to wind.

Integration was used to create this design of
building.

/" APPLICATIONS OF INTEGRALS |
Topics to be covered as per C.B.S.E. revised syllabus (2025-26)

Applications in finding the area under simple curves, especially lines, circles/
parabolas/ellipse (in standard form only)

POINTS TO REMEMBER
AREAS OF BOUNDED REGIONS

e Area bounded by the curve y = f(x), the x axis and between the
ordinates, x = a and x = b is given by

‘ [ r Gy
Y ¥

y = f(x)
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e Area bounded by the curve x = f(y), the y-axis and between the abscissas, y
=candy=dis given by

d
I s
Yy Yy
b d
% d
x = fly) \\\ x = fiy)
& c c
Y
> X >
0 o) ;
° Area bounded by two curves y = f(x) and y = g(x) such that 0<g(x) <f(x)
for all xe [a, b] and between the ordinates x = a and x = b is given by
Y
1 y = f(x)
A B
y=9g(x)
o a b %
b
[If(x) — g(0)]dx
k b
° Area of the following shaded region = ‘[f(x)dx +If(x)dx
a k
Y
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lllustration:

Using integration. Find the area of the region bounded by the line 2y + x = 8, the x-axis
and the lines x=2and x=4

Solution:Required area= Areaof PQRS

= Area bounded by the line 2y + x = 8, x-axis and ordinates x =2, x=4

4 48—)( y
=Jydx=Jde 4

2 2 ~

27 P

=l Bx—x— =1[(32—8}—{16—2)] S

2 2 e 2

1 1 0 Q R » X
=E[24—14]=§x10=55q.units (2,0) (4,0
lllustration:

Draw a rough sketch of the curves y = sin x and y = cos x as x-varies from 0 to m/2.
Find the area of the region enclosed by the curves and the x-axis.

Solution: Given curves y = sin x ‘}:
and y = cos x
Area of shaded region y=cosx A y=sinx

nid 2
= Isinxdx+ jcosxdx

B

’ e o wiC a2 °F

= —[cosx]"* + [sinx]™2 = —{i - ‘I} + ['1 B i}
0 /4 _JE VE

—1 e

V2 V2

=(2- »E) square units

lllustration:
Using integration, find the area of the region bounded by the parabola y? = 16x and the
line x = 4.

Solution: Given curve y? =16x %
line x = 4 * A
Area of shaded region
= 2(area of AOC) C > x
4 4 (@) (4, 0)
=2Jydx = 2]44’;;&
0 0
B

o 20 g 16,0 128 .
—Bxg[x JD—?[B]—qu.umts
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Illustration:

Using integration, find the area of the smaller portion of the circle x* + y* = 4 cut off by
the line x = 1.

Solution: Circle x* + > = 4
line x =1
Area of shaded region

= 2(area bounded by the circle, the x-axis and ordinate x = 1 and x = 2)

2 2
=2Jydx=2j 4- X2 dx
1 1

y
A
2
X MY e 4 kL 'J’E |8
=2|ZJa-x2 usm‘4] =2|2.--—=-2.— —4
2 2 2k 2 2 76
[2n V3] 4n ; < o > x
=2 ?"?}—?"ﬁsqunlts o 6? (210)
— B

ONE MARK QUESTIONS

Multiple Choice Questions (1 Mark Each)

Select the correct option out of the four given options:
1. The area of the region bounded by the curve y = x?, x-axis and the lines
x=-1,x=1is

1 : 2 :
(a) Esq. units (b) asq. units

(c) 1sq.unit (d) 2 sq. units
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The area bounded by y =sin2x, 0 < x < E and coordinate axes is

(a) % 5. units (b) 1 sq. unit
3
(c) E 5. units (d) 2 sq. units
The area bounded by the line x + 2y =8 and the lines x=1and x=3 is
(a) 16 sq. units (b) 8 sq. units
(c) 12 sq. units (d) 6 sq. units
The area enclosed by the parabola y* = 8x and its latus rectum is
16 64
(a) E sQ. units (b) ? sq. units
32 _ 1642 _
(c) ?sq. units (d) 3 £Q. units
The area bounded by the curve y = cos x and x-axis between x=0andx=nis
(a) 0sq. units (b) 1 sq. units
(c) 2 sq. units (d) 4 sq. units

ASSERTION-REASON BASED QUESTIONS

In the following qustions a statement of Assertion (A) is followed by a statement of Reason
(R). Choose the correct answer out of the following choices:

(a) Both (A) and (R) are true and (R) is the correct explanation of (A)

(b) Both (A) and (R) are true, but (R) is not the correct explanation of (A)

(c) (A)is true and (R) is false

(d) (A) is false, but (R) is true

6. Assertion (A) : Area enclosed by the curve x2 + y? = 4 is given by 4§\J’4 - x%dx
Reason (R) : The curve x® + y* =4 is symmetric about both the axes.

7. Assertion (A) : Area of the region bounded by the parabola y* = 4x and its latus rectum
is given by E_CEV‘EU'X
Reason (R) : Length of the latus rectum of the parabola y* = 4ax is 4a.
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. . TWO MARKS QUESTIONS
Using Integration:

1. Find the area of the circle X’ + y* = 16.

2 Find the area of the parabols y’ = 4a x bounded by its latus rectum.

3. Find the area bounded by the curve y*=x, x—axis and the lines x =0, x = 4.
4 Find the area bounded by the region {(x, y): X < y < x|}

Find the area bounded by the regiony = 9x2, y=1andy=4.

3
6. Find the area bounded by the curve y = sin x between x =g andx= ?n
7. Find the area bounded by the linesy =2x+ 3,y =0,x=2and x = 4.
8. Find the area of the region bounded by y2 =4x, x =1, x = 4 and x-axis in the first
quadrant.
9. Find the area bounded by the curves y2 = 4ax and the lines y = 2a and y-axis.

10. Find the area of the triangle formed by the straight linesy =2x,x=0andy =2

THREE/FIVE MARKS QUESTIONS
Using Integration

1. Find the area bounded by the curve 4y = 3x" and the line 3x—2y+12=0.

2. Find the area bounded by the curve x = y2 andtheline x+y=2.

3. Find the area of the triangular region whose vertices are (1, 2), (2—2) and (4, 3).

4. Find the area bounded by the region {(x, y): X+ y2 <1<x+Y}

2

5. Find the area of the region bounded by the lines x—2y=1,3 x—y—-3 =0 and
2x+y—-12=0.

6. Prove that the curve y = x’and, x = y? divide the square bounded by x = 0,
y=0,x=1,y=1into three equal parts.

7. Find the area of the smaller region enclosed between ellipseb?x? + a*y?
= a?b? and the line bx + ay = ab.

8. Using integration, find the area of the triangle whose sides are given by
2x+y=4,3x—-2y=6andx—3y+5=0.

9. Using integration, find the area of the triangle whose vertices are (-1, 0),

(1, 3) and (3, 2).
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10.

11.

12.

13.

14.

15.

16.

17.
18.

19.

20.

Find the area of the region {(x, y) :x* + )’< 1 <x + y}.

Find the area of the region bounded by the curve x? = 4y and the line

x =4y —2.

Using integration, find the area of the region bounded by the line x—y +2 =0,
the curve x? = y and y-axis.

Using integration, find the area of the region bounded by the curvey =1 +
|x +1]and lines x = =3,x =3,y = 0.

Find the area of the region enclosed between curves y = |x — 1] and y =3—|x|.

2
If the area bounded by the parabola y* = 16 ax and the line y = 4 mx is ?—zsq

unit then using integration find the value of m.

Find the area bounded by the circle X2+ y2 = 16 and the line y = x and x-axis in
first quadrant.

Find the area bounded by the parabola y2 = 4x and the straight line x +y = 3.
Find the area bounded by the parabola y2 = 4x and the liney = 2x — 4.

2 2
. . X<y X y
Find th f XNy)—+—=1s—+=
ind the area of region §(x,y) 53 3 2}
Using integration, find the area of the triangle ABC, whose vertices are A(2, 5),
B(4, 7) and C(6, 2).

SELF ASSESSMENT-1

EACH OF THE FOLLOWING MCQ HAS ONE OPTION CORRECT, CHOOSE THE
CORRECT ALTERNATIVE.

1.

Area of the region bounded by the curve y? =4x, y-axis and the line y =3 is
9 . 9 .

a) — sq.units b) = sqg.units

(a) 5 Sd (b) 3 Sd

(c) %sq.units (d) %sq.units

2. Arealyinginfirst quadrant and bounded by the circle x? + y2=4 and the lines x=0and x =

T Sq.units (b) % sq. units
= it d = it
5 sqg. units (d) 2 sqQ. units
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3. The area of the region bounded by the curve y = x + 1 and the lines x = 2, x = 3 and

X-axis is
13 , 11 7
(a) — sqg.units (b) - sg.units
2 2
(c) g sg.units (d) L sq.units
2 2
4. Theareabounded by the curve y?= xand the line x=2yis
1 i b 2 sq.units
(a) 3 sqg.units (b) 3 54
. 4 .
(c) 1sq.unit (d) 3 sq.units

5. Thearea ofthe region bounded by the y=sin x, y = cos xand y-axis, 0 < x < % is

(@) (v2 +1) sq.units (b) (¥2-1)sq.units

(c) 242 sq.units (d) (242 - 1) sq.units
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10.

(b) % square units

(d) 6square units

(c) 2 square units

(b)

16 m square units.

8 .
3 a square units.

16 .
— square units.
3

1 .

3 square units.

28 .
9 square units.

2 square units.
18 square units.

28 .
3 square units.

2 5 .
ga square units.

1 square units.

ANSWERS
ONE MARKS QUESTION

2. (a) % square units.

32 )
(c) 3 square units.

(@)

TWO MARKS QUESTIONS

THREE/FIVE MARKS QUESTIONS

27 square units.

9
> square units.

13

> square units.
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10.

1.

12.

13.
14.

15.
16.

17.

18.

19.

20.

(n 2 1 .‘13) .
_____ sin = square units.
10 square units.

-2

(T)ab square units.

3.5 square units.

4 square units.

(” ‘)s uare units
4 2 q '

9
3 square units.

10
73 square units.

16 square units.
4 square units.
m=2.

21 sq. units

64 SQ. units

3

9 sqg. units

3 .
> (m —2) sq. units

7 sq. units

SELF ASSESSMENT TEST-1
2. (A) 3. (D) 4. (D)
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CHAPTER-9
DIFFERENTIAL EQUATIONS

Sky diving is a method of transiting from a
high point in the atmosphere to the surface
of the Earth with the aid of graity. This involves
the control of speed during the descent using
a parachute. Once the sky diver jumps from
an airplane, the net force experienced by the
diver can be calculated using

DIFFERENTIAL EQUATIONS.
Another eg.

y(t)

Falling stone

D.E.is

myI! = mg
= y'" = g = constant

where y = distance travelled by the stone at any time t.

and g = acceleration due to gravity.

TOPICS TO BE COVERED AS PER CBSE LATEST CURRICULUM 2025-26
+ Definition, order and degree
» General and particular solutions of a D.E.
+ Solutions of D.E. using method of separation of variables.
+ Solutions of homogeneous differential equations of first order and first degree.
+ Solutions of linear differential equations of the type.

d
d—i + py = q, where p and q are functions of x or constants.

W + PX =4q, where p and q are functions of y or constants.
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KEY POINTS :

o DIFFERENTIAL EQUATION :ltisanequationinvolving derivativesof thedependent
variable w.r.tindependent variables and the variables themselves.

- ORDINARY DIFFERENTIAL EQUATION (O.D.E.): A D.E.involving derivatives of the
dependent variable w.r.t only one independent variable is an ordinary D.E.

In class Xl O.D.E. is referred to as D.E.

o PARTIAL DIFFERENTIAL EQUATION (P.D.E.): A Differential equation involving
derivatives w.r.tmore than one independent variables is called a partial D.E.

e ORDER of aD.E.:Itis the order of the highest order derivative occurringintheD.E.

o DEGREE of a D.E. :ltis the highest power of the highest order derivative occurring in
the D.E. provided D.E. is a polynomial equation in its derivatives. It is always a
Natural no.

e SOLUTION OF THE D.E.: Arelation between involved variables, which satisfies
the given D.E. is called its solution.

Two Types of Solutions of DE
1
[ ]

General Solution Particular Solution
The solution which The solution free
contains as many from arbitrary
arbitrary constants constants

as the order of the

D.E.

e FORMATION OF A DIFFERENTIAL EQUATION : We differentiate the function
successively as many times as the number of arbitary constants in the given
function and then eliminate the arbitiary constants from these equations.

e ORDER of a D.E.:lItis equal to the number of arbitrary constants in the general
solution of a D.E.

Solution of a First Order First Degree D.E.
|

Variable separable Homogeneous Linear Differential
method Differential equation equation

e “VARIABLE SEPARABLE METHOD” : It is usedto solve D.E.in which variables
can be separated completely i.e, terms containing x should remain with dx and
terms containing y should remain with dy.

d
e “HOMOGENEOUS DIFFERENTIAL EQUATION : D.E. of the form d_); =F(x,y)
where F(x, y) is a homogeneous function of degree 0
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ie. F(ox, ny) =20 F(xy)
or F(Ax, Ly )= F(x,y)for some non-zero constant } .

To solve this type put y =vx

dx
To Solve homogenous D.E. of the type @ G(X,¥), we make substitution x = vy

LINEAR DIFFERENTIAL EQUATION : P.D.E of the form % + Py = Qwhere P
X

and Q are constants or functions of x only is known as first order linear
differential equation in y.

Its solution is given as

y-(LF.) = [@x(LF.)dx +C, where

[ Pax

I. F = Integrating factor = €

dx
Another form of Linear Differential Equation is W+ Pix=Q, where P, and

Q, are constants or functions of y only, is known as first order linear differential

equation in x.

Its solution is given as

x.(LF) = [QuX(LF.) dy +C, where 1F.= el

lllustration:

Write the order and degree of the Differential Equation
[+ 2] =k

Solution: Squaring both the sides

[+ 2] = K2y

.. Orderof D.E. =2

and Degree of D.E. =2
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lllustration:

Solve the differential equations

(1+e?¥)dy + e*(1+ y?)dx = 0; y(0) =1

_dy  —e*(1+y?)
Solution: ax - 14e2

Using Variables separables method,
dy -

= ax
1+y?  1+e%*

Integrating both sides we get

X

I1+1y2 dy :_.[1+ee2x dx

dt
= tan'y = _I‘I+t2

=—tan™'t

; On putting e* =t

=tan'y=—tan"' (e +C
= tan'y+tan” (&) =C
Atx=0,y=1given

s tanT'(1) +tan7'(1)=C

T
Zx2 =
:>4>< C

= C=

N a

.. Particular solution of D.E. is given by tan 'y + tan™'(e*) =

lllustration:
Sol d_y =x+2
olve (x—y) dx =x+2y

. dy x+2y
Solution: .= X—y

=f(x.y)

AX+20y  Mx+2y)
=AYy ~ AMx-Yy)

Now f(Ax, Ly) = = Lf(%, y)
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Clearly, fis homogeneous function in x and y.
So, given D.E. is homogenous D.E.
Now, Put y = vx

dy xdv
— =yV+ —
dx dx

xav X+ 2vx
dx X —VvXx

xav 1+ 2v
dx  1-v

xav _ 1+2v-v+v2

= Tax 1-v

- Xav v+ v?
ax 1-v
(1-v)dv _ dx
1+v+v? X

Integrating both sides we get

1p2v-2+1-1
Ldv =log x|+ C
24 1pve?
2v +1
—— —|———dv =
= -[1+v+v J.‘1+v+v log x|+ C
1 2, 3 1
——log|1+v+v®|+= dv =
= 5 log] 5] 2 [y TlakieC
V+—| +|—
( 2) (ZJ
2
= —1Iog 1+1+y—2 +(§j.[i]tan‘1[zv+1j =log|x| + C
2 X X 2 \/5 \/5

2
y+xj -c

1 2 2 —1[
——log| x“ + xy + ++/3tan
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lllustration:

Find the particular solution of the differential equation

Solution: Clearly, itis a Linear D.E. in x

%+ Px = Q where

y

P=coty,Q=2y+y?coty

J'de J‘ coty dy
ILF.= € =e = gloosny) = gjn y

solution of D.E. is given by

X. (LF) = _[Q.I Fdy + C; C is arbitrary constant
= Xx. (siny)= I(Zy + y2 coty) sinydy +C
= j2ysinydy+jy2 cosydy +C

:J‘2y§in/fdy+y2.siny—'|.2y§lnﬁdy+0

= xsiny=y?siny+C

Now, x =0, when y=g
2 2
So,0="+Cc= c=-2
4 4

: o 2
xsiny =2 siny - =~

2
— 2 T
or|x=y —Tcosecy

Z—X+ xcoty =2y + y2coty(y # 0) given that x = 0 when y = n/2.
y
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ONE MARK QUESTIONS
1. The general solution of the D.E.
y dx — xdy = 0; (Given x, y > 0), is of the form.
@ xy=c (b) x = cy?
(€) y=cx (d)y=cx

(Where ‘¢’ is an orbitary positive constant of integration)

1-y?
2.  Thedifferential equation Yy = T determines a family of circles with

ax

(@) Variable radii and fixed centre (0, 1)

(b) Variable radii and fixed centre (0, -1)

(c) Fixedradius 1 and variable centre on x-axis
(

d) Fixed radius 1 and variable centre on y-axis

dy _ _
3. The solution of the D.E. -~ = e*” +x%is

3 2

X

(@) exz%+ey+c (b) ey:?+ex+c
y x° x

(c) € =?+e +C (d) None f these

4

4. Theorderand degree of the D.E. Z }: + sin(y"') = (Q are respectively
X

(@) 4and 1 (b) 1and 2
(c) 4and 4 (d) 4 and not defined

dx X
5.  Ahomogeneous differential equation of the type W =h (;j can be solved by making

the substitution.
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@ y=wx
(c) x=vy

dy

(b) v =yx
(d) x=v

6. Integrating factor of the D.E. — + ytanx —secx =0 is

(@) cosx
(c) €

COos x

7. Theorder and degree of the D.E. 7
X

(@ 2and 4
(c) 2and 3

d?y

2

(b) secx
(d) esecx

1

— 1
4 —
+ (dyj + x 8 =0, respectively are

ax

(b) 2and 2
(c) 3and 3

8. The order of the D.E. of a family of curves resprsented by an equation containing four

arbitrary constants, will be
@ 2
(c) 6

(b) 4
(d) None of these

9.  Anequation which involves variable as well as derivatives of the dependent variable w.r.t.

the independent variable, is known as
(a) differential equation
(c) linear equation

(b) integral equation
(d) quadantic equation

10. tan™'x +tan™'y =c is general solution of the D.E.

dy _1+y°
dx 1+x?

(@)

©) (1+x*)dy +(1+y*)dx =0

dy _ 1+ x2
(b) dx 1+y?

@) (1+x2)dx +(1+y*)dy =0

11.  The particular solution of Iog(z—yj =3x+4y,y(0)=0is
X

@ e* +3e™ =4

() 3e*_ 4% =7

(b) 4e**+ 3e™ =3
d) 4> +3e™¥ =7

dy 3x-4y-2
12. The solution of the equation d_ = 3XTy—3 is

X

@ (x-y?)+c=log(8x -4y +1) () x —y +c =log(3x —4y +4)

(c) (x—y+c)=log(3x —4y —-3)

d) x—y+c=1log(8x —4y +1)
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dy

13. If x prvie y(logy —logx + 1), then the solution of the equation is
X
ylog X - ex | (y j
— | = b) X10g| — |=C
@) y (b) g " y
© 'OQ(XJ - @ log > |=cy
X y
14. Solution of D.E. xdy — ydx = 0 respresents
(@) rectangular hyperbola (b) parabola whose vertex is at orgain
(c) circle whose centre is at origin (d) straight line passing through origin
15. Family y = bx + c* of curves will correspond to a differential equation of order
@ 3 (b) 2
(c) 1 (d) infinite
2\ X
16. The integrating factor of the differential equation (1-y )W +yx =ay,(-1<y <)
is :
1 1
(a) y2_1 (b) /y2_1
1 1
(C) 1_ y2 (d) '1 _ y2
17.  The general solution of the differential equation xdy — (1+ x2)dx =0 is
x° x°
@ y=2x+—+cC (b) ¥ =2logx +—+c¢
3 3
x? x?
(c) y=—+cC d) y =logx+—+c
2 2
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ASSERTION REASON TYPE QUESTIONS

Directions : Each of these questions contains two statements, Assertion (A) and Reason
(R) Choose the correct answer out of the following choices.

(@)
(b)
(©)
(d)

18.

19.

20.

Both (A) and (R) are true and (R) is the correct explantion of (A)
Both (A) and (R) are true but (R) is not the correct explanation of (A)
(A) is true and (R) is false

(A) is false but (R) is true

Assertion (A) : Order of the differential equation whose solutionis y = ¢, €*"* + c,e*"*

is 4.

Reason (R) : Order of the differential equation is equal to the number of independent
arbitrary constant mentioned in the solution of differential equation.

2 2 2
Assertion (A) : The degree of the differential equation d { + 3(d_y) =x? log [d—{j
dx dx dx

is not defined.

Reason (R) : If the differential equation is a polynomial in terms of its derivatives, then
its degree is defined.

3 2 3
X =Xy +
asserton (a): & = X' =" +y"

q > is a homogeneous differential equation.
X Xy —x

3 2 3
% is homogeneous.

Reason (R) : The function f(x,y) = 5
Xy —x
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TWO MARKS QUESTIONS

1. Write the general solution of the following D.Eqgns.

dy 5 o 2 (i) d_y:1—0032x
dx x dx 1+cos2y

(i) (e*+e™*)dy =(e*—e*)dx

, ay _ -2y - -
2. Given that dx e and y =0 when x = 5.

Find the value of x wheny = 3.

3. Name the curve for which the slope of the tangent at any point is equal to the
ratio of the abbcissa to the ordinate of the point.

xd
4. Solve 2L sy =e
ax

THREE MARKS QUESTIONS

2
Xz)_d Z_ﬂ_m2

=0
ax Y

1. (i) Show that y = ™"  is a solution of (1~ .
X

(il)Show that y = acos(log x) + bsin(log x ) is a solution of

242

x“d“y xdy
+——+y=0

dx? dx Y

(iii) Verify that y = log (x +y/x2 + 42 ) satisfies the D.E.

(a2 +x2)y”+xy' =0
2. Solve the following differential equations.
(i) xdy —(y +2x2)dx =0
(ii) (1+ y? )tan™" x dx +2y(1+ x?)dy =0

q
(i) x* 0= x4y +y?
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d
(iv)d—i =1+x+y’+xy?, y=0whenx=0

(V) xdy — ydx = /x? + y?dx,y =0 when x — 1
3. Solve each of the following differential equations

(i) (’I+x2)%+2xy—4x2 =0,y(0)=0

(i) (x+1)3—§=2e‘y -1,y(0)=0

(iii) e tan ydx + (2—e*)sec® ydy =0,y (0) :%
(iv) (x®— y?)dx + 2xydy =0
dy 1
1+ x%)=L + 2x =—_y=0
) ( )dx V=127 =0 when x 1

4. Solve the following differential equations
(i) Find the particular solution of

2yeX/y dx+(y_2XeX/y)dy:O,X:0ify:1

(ii) xcos(ljd—y: ycos(1)+x
x /) dx X

(iii) d_y =cos (x+y)+sin(x+y)
dx

[Hint : Put x + y = Z]

2

d
(iv) Show that the Differential Equation d—i S is homogenous and also

Xy — x?

solve it.

2 dy 1
V) (X =1)—+2xy =——,| x| #1
V) (X =1) g+ 2 = |

FIVE MARKS QUESTIONS

d .
Q.1 Solve y+_(xy) = x(sinx+log x)

Q.2 Solve (x dy — ydx)y sin (%) = (ydx + xdy )x cosgj
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d
Q. 3 Find the particular solution of the D.E. (X — y)d—i = X +2Y given that
y=0when x —1.
Q.4 Solve dy =cosx (2—ycosec x)dx, giventhat y =2 when x=r/2

Q.5 Find the particular solution of the D.E. (1+ y? )+ (x — eta“_1y)% =0
X

giventhat y =0 when x —1

CASE STUDY QUESTIONS

1. Anequation involving derivatives of the dependent variable w.r.t. the independent variables

d
is called a differential equation. A differential equation of the from A f(x,y) is said

ax

to be homogeneous if f(x, y) is a homogeneous function of degree zero, whereas a
function f(x, y) is a homogeneous function of degree n if f(Ax, Ly) = A" f(x, y). To solve a

I A 07
homogeneous differential equation of the type dX_ (x,¥y)=9 X we make the

substitution y = vx and then separate the variables.

Based on the above, answer the following quations:

(i) Show that x? y dx — (x3+y3) dy = 0 is a differential equation of the type

dy _ (1)
dx_g X

(i) Solve the above equation to find its general solution.
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Self Assessment Test-1 Differential Equations
Q. 1 The general solution of the D.E.

log [d_y) =ax+ byis
dx

_a—by ax
@2 _—-% .c (b) e™— et =C
b a

(c) be™ + ae” =C (d) none of these
Q. 2 The general solution of the DE

d
x2—y =X+ xy+ y*is

dx
(a) tan™ (%j =logx+c (b) tan [ij =logx+c
y
(c) tan™ (%} =logy+c (d) none of these

Q. 3 The solution of the D.E.
dy=(4+y?) dxis

(@)y=2tan(x+c) (b) y=2tan (2x + ¢)
(c)2y=tan (2x + ¢) (d)2y=2tan (x+c)
Q. 4 What is the degree of the D.E.
3 2
_ ﬂj (d_yj
= X(dx ¥ dx
(a)1 (b)3
(c)-2 (d) Degree doesn’t exist

Q. 5 Solution of D.E. xdy — ydx = 0 represents:
(a) a rectangular hyperbola
(b) a parabola whose vertex is at the origin
(c) a straight line passing through the origin
(d) a circle whose centre is at the origin.
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Q.3

Q.4

Self Assessment Test-2

d
The solution of the D.E. Xd_i +2y = x%is
(@ xX?+c (b) x? N
a)y= =—+cC
© X% +c « x*+¢
C - -
Y x? Y 4x2

d
The solution of the d—i +y=e*y0)=0,is
(@)y=e>(x-1) (b) y =xe*
(c)y=xe>+1 (d)y=xe~
X+y _ X
If dy = u y(0) =1, then y (1) is equal to [JEE mains 2021]
dx 2y
(a)log, (2+e) (b)log, (1 +e)
(c)log, (2e) (d)log, (1 +¢€?)
If the solution curve of the D.E. (2x— 10y®) dy + ydx = 0 passess through the
points (0, 1) and (2, B), then B is a root of the equation
(@)y’-2y-2=0 (b)2y*—2y—1=0
(c)2yp—y?—-2=0 (d)yo—-y2—1=0 [JEE mains 2021]
Consider a curve y = f(x) passing through the point (-2, 2) and the slope of the

tangent to the curve at any point (x, f(x)) is given by
f(x)+ xdf(x) _

2

ax ’
(a) x®*+2xfix)—12=0 (b) x*+ xf(x) +12=0
(c)x*-=3xf(x)—4=0 (d) x2+2xf(x)+4=0 (HOTS)
Answers
ONE MARK QUESTIONS

1. () y = cx 2. (c) 3. (c) 4. (d)

5. (c)x=vy 6. (b) 7. (a) 8. (b)4

9. (a) 10. (c) 11. (d) 12. (d)

174
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13.(c) 14. (d)

17.(d) 18. (d)

TWO MARKS QUESTIONS

6 3
X X
=2 +Z _2jog|x|+C
5t 3 g | x|

(i) y =log, |e* + e + C
e®+9
2

1.G) ¥

2.

THREE MARKS QUESTIONS

2. (i) y=2x2+cx

(iii) tan™ (%) =log| x| +c

(V) y +x%+y? = x?

3
3. (i) (1+x2)y =%

(i) tany =2 —e*
(V) (1+x?)y =tan'x—n/4

4. (i) e :;Iog|y|+1

y

X+
=X+cC
]

x-1

X +1

(iii) log

1+tan[

+C

() (x*=1)y = %log

FIVE MARKS QUESTIONS

2sinx 2cosx N xlog x

X x2 3

Yy =—CcoSX+

1.

2 xycos(lj =c
X

3. Rectangular hyperbola

(i) 2(y —x)+sin2y +sin2x=c

4. yx=e"+c

(ii) %(’[an_1x)2 +log(1+ y2) =C
XZJ

X+—
2

(i) (2-€¥)(x+1)=1

(v) y= tan(

(iv) x?+y?=cx

(i) sin(y/x)=1log| x| +c

i) L-log|yl=c
X

X C
9 x?
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3. \/gtan_1(2§gxxj —log | x? +xy+y |= \/_T[

. -1 3
4. ysinx =—cos (2x)+—
y 2 (2x) >

1 _tan~ y+1 —tan_1y

5 x=—e
2 2

e

CASE STUDY QUESTIONS

_y3
1. (ii) 3—;(3 + log |y| = ¢, c is an arbitrary constant

SELF ASSESSMENT TEST-1
1.(a) 2.(a) 3.(b)
4. (b) 5. (c)

SELF ASSESSMENT TEST-2

1.(d) 2. (d) 3.(b)
4. (d) 5. (c)
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CHAPTER 10

VECTORS

Vectors are probably the most important tool to
learn in all of physics and engineering. Vectors
are used in daily life. Following are few of the
examples.

* Navigating by air and by boat is generally
done using vectors.

* Planes are given a vector to travel, and they
use their speed to determine how far they
need to go before turning or landing. Flight
plans are made using a series of vectors.

» Sports instructions are based on using
vectors.

| VECTORS |

Topics to be covered as per C.B.S.E. revised syllabus (2025-26)

Vectors and scalars

Magnitude and direction of a vector

Direction consines and direction ratios of a vector.

Types of vectors (equal, unit, zero, parallel and collinear vectors)
Position vector of a point

Negative of a vector

Components of a vector

Addition of vectors

Multiplication of a vector by a scalar

Position vector of a point dividing a line segmentin a given ratio
Definition, Geometrical interpretation, properties and application of scalar
(dot) product of vectors

Vector (cross) product of vectors.
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POINTS TO REMEMBER

° A quantity that has magnitude as well as direction is called a vector. It
is denoted by a directed line segment.

° Two or more vectors which are parallel to same line are called collinear
vectors.
° Position vector of a point P(a, b, c) w.r.t. origin (0, 0, 0) is denoted by

OP where OP = ai + bj + ck and |W>|= VaZ + b2 + c2.

° If A(x4,y1,21) and B(x,,y,,2,) be any two points in space, then

AB = (x2 —x)i+ (y2 —y1)j + (z2 —zy)k and

|E| =V —x1)2 + (V2 —y1)? + (22 —7)?

. Any vector a is called unit vector if|al| = 1 It is denoted by a

° If two vectors d and B are represented in magnitude and direction by

the two sides of a triangle in order, then their sum a + E is represented
in magnitude and direction by third side of a triangle taken in opposite
order. This is called triangle law of addition of vectors.

° If @ is any vector and 4 is a scalar, then A d is vector collinear with @
and |[Ad| = [A]]a].

— —
° If 2 and b are two collinear vectors, then @3 = A b where Ais some
non-zero scalar.
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- . - A ~ s . .
° Any vector @ can be written as @ = |a|a where d is a unit vector in the

direction of a.

° If @ and E be the position vectors of points A and B, and C is any point
which divides 4F in ratio m:n internally then position vector ¢ of point C

mb+n3a

is given as ¢ = . If C divides 4B in ratio m:n externally,

m+n

mb—n3a a+b

then ¢ = . If C is mid point then ¢ =

m-—-n
o The angles @, 8 and y made by I' = al + bj + ck with positive direction
of X, y and z-axis are called direction angles and cosines of these angles are
called direction cosines of7usually denoted as/=cosa, m=cos,3,
n=cosy
b

C
|,n=—and Frm+n =1

a
Alsol=—,m = —
|T|

Ir|’ ¥
or  cos’a + cos’p + cos’Y=1
° The numbers a, b, ¢ proportional to I, m, n are called direction ratios.

° Scalar product or dot product of two vectors ﬁandg is denoted as

-

3.b and is defined as a.b = |§||B| cos 6, 6 is the angle between

dandb.(0< 6 < n).

° Dot product of two vectors is commutative i.e. &.b = b .d
. ab=0 < 3=Corb= Goral b,

. a.3= 3% s0i.i=].j=kk=1

. If 3 = a,1+ a,j + askand b = b,} + b,j + b;k then

Z_i) .B) == albl + azbz + a3b3.
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ol

. Projection of @ on b = =

=

= % 3. b))-
Projection vector of a'along b = ( o )) b,
® Cross product or vector product of two vectors aand b is denoted as

3axb and is defined as @ X b= |Ei||l_))|sin 0 7. wheref is the angle
between 3 and b (0 < 6 < m). And 7 is a unit vector perpendicular to
both & and b such that @ . b and # form a right handed system.

° Cross product of two vectors is not commutative i.e., ax E * B X a,
butd x b = —(b x 7).

e dxb=0o3F=0b=0or d| b.
. ixi=jxj=kxk=0
. ixj=kjxk=tkxi=fandjxi=-kkxj=-1ixk=-)
° |f3 = ali + azj + a3l’i and B) = bli + sz + b3R,then
I N
E_l) X b = al az a3
b; b, bs
. . 5 - axb)
° Unit vector perpendicular to bothaand b = + axs|)
° |§ X E|is the area of parallelogram whose adjacent sides are a and b
1= g N -
° > |a X b|is the area of parallelogram where diagonals are a and b.
° If E,B and cform a triangle, then area of the triangle
1= g 1172 - 1,5 -
=—|a><b| =—|b><c| = -|¢ x al.
2 2 2
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IIIustratiPn: i o

Let A=1+4j+2kb=31-2j+7k and c=2i-]+4k Findavector d whichis
perpendicular to both aandband ¢-d =27

Solution:

v dis perpendicular to a and b both

~ -

i J k
Letd=A(axb)=r[1 4 2
g = ¥

d=n (32 - j —14k)

But c-d=27
oo (20 - j+4K). M (32i - j-14k) =27
= A(64+1-56)=27

= A=3
and d = 3(32/ - j - 14k) =96/ - 3] — 42k
lllustration:

Vectors a, band c are suchthata+ b+c=0and|a|=5,|b|=7and|c| = 3.

Find the angle between a and ¢

Solution:

Given a+b+c=0

a+c=-b
(@+c) (a+c)=(-b) - (b)
=132 +a-c+c-a+lcl =|bP (wa-a=|al?)
- 2a-c=1bP-|al? -|cP
= 2|allclcosO=|b>-|al? -|cf?

Where '0' be the angle between a and ¢
= 2x5x3cosH=49-25-9

—JCUSB_E

" 30

::»(:05!]:1 o
2 3
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lllustration:
Let a and b are two unit vectors and '0' is the angle between them, then find

'0'if a + b is unit vector.

Solution:

Here|a|=|b|=1and|a+ b|=1

la+bP =1

=(a+b) (a+b)=1 (-a-a=|al)

.....

= 2|a||b|cosf=—1
;»cosﬂ:—l
2

Lol 2n
3

ONE MARK QUESTIONS
MULTIPLE CHOICE QUESTIONS (1 Mark Each)

Select the correct option out of the four given options:

1. If AB=3i+2j -k and the coordinate of A are (4, 1, 1), then the coordinate of B are.
(@ (1,-1,2) (b) (-7, =3, 0)
(€)(7.3.0) (d) (=1, 1, =2)

2. Llet a=-2i+/b=i+2] andc=4i +3/, then the values of x and y such that
C = Xxd + yb, are:

(a) x=1,y=2 (b) x=-1,y=2
(€) x=-1,y=-2 (d)x=1,y=-1

3. Aunit vector in the direction of the resultant of the vector i - j +3k, 2/ + j -2k and

f+2f _2k is
1 i > 1 7 L
(@) E(m-zj—m (b) E.{m ~2j +k)
L. 1(4i +2j - k)
(c) 4i-2j-k (d) 21
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4, |If 2f+3f+§ and f—2f—f2 are two vectors, then a vector of magnitude & units

parallel to the sum of given vectors

5 1

(a) \,ng @i+ ) (b) E(hsﬂzf?)
1 ,.: .
{c) Jm(SfH) {d) B(3F +f}

5 Ifa_ii+2f+k and b _5{ -9 +2k are perpendicular, then the value of ‘%’ is:

L1 b 5o 18
(a) ~ 5 {) N 5
. 10

icl =4 (@ ~= 4

6. The value of p for which 37 1 2] 19k and i 1| pj 1 3k are parallel vector is

Sl

@ P -3

by p=15

WM
| w

(e} £= (d) P

7. M (2f +6f +27k) = (i - 3] + pk) - 0. then the value of 'p' is

20

' 27
{a) P=—5 {b) p==

27

(c} p=0 @ p=

8. Valus of i.{f <k)—(ixk}.j is

(a) 2 (b 1
fct O {d) -2
9 W 3=5-4j+k b=—4i +3j-2kand ¢ =/ -2 - 2k than the value of Z(Fx b) is
{a) -5 {b) 5
(¢} 35 (d) 30

[Class XII : Maths] 183



10. If vector i +3; and 4i+ ] are collinear, then the value of ‘1" is

(a) A=0 (b) L=4
(c) A=3 (d) L=+2J3
11. A unit vector perpendicular to 2/ — j +2k and 4i — j + 3k is
1,.# % ol 1,+ * P
(a) 5(—.' +2f +2k) (b) 5(! —2j +2k)
1 3 T = 1 * . -~
(c) g(! +2j +2k) (d) 5(; +2) - 3k)

12. If 4 and b aretwovectors suchthat |« p |= a.b, thenthe angle between 3 and b is

(@) 30° (b) 45°
(c) 60° (d) 90°

13. If 3/ + -2k and i -3] + 4k are the diagonals of a parallelagram, then the area of
the parallelogram is

(a) 8 sq. units (b) J91 sq. units
(€) 53 sq. units (d) 103 sQ. units

14. If scalar projection of i/ + j + 4k on 2/ + 6/ +3k is 4 units, then the value of 1. is

(@) L=5 (b) =-5
(c) A=-9 (d) =9
15. If a.b=3and|axb =33, then the angle between dand b is
(a) 30° (b) 60°
(c) 120° (d) 45°
16. Iflal=4and-3<k <2, thantherange of | k3| is
(a) [0,12] (b) [8,12]
(c) [0, 8] (d) [-12, 8]
17. Iflal=4,1bl=3andlaxbl=10, thanthevalue of |a.b [ is
(a) 22 (b) 44
(c) 88 (d) None of these

18. Ifa+b+¢=0, 141=31bl=4andlé|=+/37, then the angle between G and b is

@ (b)

@A

(c) (d)

WA
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18.

20.

If (+b) L band(a+2b) L&, then

(@) (@=21bl (b) 21al=b
(c) (a)=(b) (d) 1a1=+21b1
If1d1=1bl=14+b|=1 thenthevalueof |5_p| is

(@) 0 (b) 1

(c) V3 (d) 2

Assertion-Reason Based Questions

In the following questions a statement of Assertion (A) is followed by a statement of
Reason (R) Choose the correct answer out of the following couces:

4

22.

23.

24

25.

(a) Both (A) and (R) are true and (R) is the correct explanation of (A)

(b) Both (A) and (R) are true, but (R) is not the correct explanation of (A)
(c) (A)istrue and (R) is false

(d) (A) is false, but (R) is true

Assertion (A) - If 141=3,Ibl=5and&.b =10,
laxbP =125
Reason (R) : 1axbP —(a.by =llaPIbF?
Assertion (A) : If 2and b are unit vector such that |5+b1=+3, then the angle

between 4 and b is g

o

a.
lall

Reason (R) : Angle between vectors 4 and b is given by cos 8 =

o

Assertion (A) : If lal=4,1bl=5andlaxb|=20then a L b

Reason (R) : Two non zero vector 4 and b are perpandicularif lax bl=1all bl
Assertion (A) : If (3+b).(a—b)=12 and 3=2|5|, then |dl=4andIbl=2
Reason (R) : If dand b are two vectors, then (a+b).(a-b)=1aF —I1bP
Assertion (A) : If |2a+b|=124-bl,than & parellel to b

Reason (B) : Two non zero vector 4 and b are perpendicular if . b =0.
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TWO MARK QUESTIONS
1. A vector 7 is inclined to x — axis at 45° and y-axis at 60° if | r | = 8 units.
find 7 .
2. if|d+bh|=60,|a—b| =40 and|Bl= 46 find | a |

3. Write the projection of b+con a where

~

d=21-2j+kb=i+2j 2k and ¢=2i— j+4k

4. If the points (-1, -1, 2), (2, m, 5) and (3, 11, 6) are collinear, find the
value of m.

5. For any three vectors 5,13 and ¢ write value of the following.
Gx(b+O)+BX(E+B)+EX(@+D)

6. If (GxBY+(a.b)>=144and |a | = 4. Find the value of | b |.

7. If for any two vectors a and 1; ,

(@+b)* +(a-b)* =r[(@7? + 3)* |then write the value of 1 .
8. ifZ,l; are two vectors such that |(3+l_;)| = |Zf | then prove that 2 a+ 7) is

perpendicular to b .
9. Show that vectors @ =3i— 2+
b=i-3}+5k&=2F+ -4k form a right angle triangle.

10. If Z, l;, ¢ are three vectors such that Zl+7)+2 =0and |Z¢ | =5, |7) | =12,

|| =13, thenfinda.b+b.c+¢.a

11. The two vectors 7+ jand 3i - j + 4k represents the two sides AB and AC

respectively of A ABC, find the length of median through A.
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12. If position vectors of the points A, Band C are a, b and 43 — 3b respectively, then
find vectors AC and BC.

13. If position vectors of three points A, Band C are —23 + 3b + 5¢,a+2b + 3¢and 73-¢
respectively. Then prove that A, Band C are collinear.

14. If the vector/i\+ pj\+ SQ is rotated through an angle 6 and is doubled in magnitude,
then itbecomes 4/i\+ (4p—2)f+ 2k. Find the value ofp.

15. If AB = 5?— 2j\+ 4Kk and AC = 31 + 4K are sides of the triangle ABC. Find the length of
median through A.

16. Find scalar projection of the vector 7i+ ? + 4k on the vector 21"+ 6’j\ +3k. Also find
vector porojection

17. Leta= 3?+ xf—ﬁ andb = 2/i\+ j{\+ yll\< are mutually perpendicular and [3| = |B|. Find x
and y.

18. If a and b are unit vectors, find the angle between aandbsothata—+2 b

is a unit vector.

19.  Ifa=21-2{+3kand 5=21+3]-5k. Find the angle betweena and @ xb.

20. Using vectors, prove that angle in a semi circle is 90°.
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THREE MARKS QUESTIONS

The points A,B and C with position vectors 31— yj + 2k, 51— +
k and 3xi + 3j — k are collinear. Find the values of x and y and also
the ratio in which the point B divides AC.

If sum of two unit vectors is a unit vector, prove that the magnitude of

their difference is V3.

letd=41+5/—k b=1—4/+5k and é=3i+j—k. Find a

vector d which is perpendicular to both @ and b and satisfying d.¢ =21

If @ and b are unit vectors inclined at an angled then prove that

(i) cos§=%|&+5|
- .0 _ 12 ¢
(i) sinZ- —7|a—b|
6 _ |a-b
(iii) tan;— a—5|

- >

If a,b,c are three mutually perpendicular vectors of equal magnitude.
Prove that a+b+cis equally inclined with vectors Zz,l; and ¢ . Also find
angle.

i " - A - Ea 2 -
For any vector @ prove that |d X |2 + |d x j|? + |d x k|” = 2]d|?

Show that (@ x 5)2 = |a|2|5|2 —(a B)Z =

S S

QK
Sl Qu
SR

If @, b and ¢ are the position vectors of vertices A,B,C of a A ABC, show

that the area of triangle ABC is % |d x b+bxé+¢x d|. Deduce the

condition for points @, b and ¢ to be collinear.

188

[Class XII : Maths]



10.

11.

12.

13.

14.

15.

16.

17.

Let @, b and & be unit vectors such thatd. b = d@.¢ = 0 and the angle

between b and c is /6, prove that @ = +2(b x &).

If &, b and ¢ are three vectors such that @ + b + ¢=0.then prove that
dxb=bxé=72xa.

~

lfd=1i+j+k &=j—k are given vectors, then find a vector b
satisfying the equations @ X b = ¢and d.b = 3.
Find the value of ¢(@x b)/ |@xb| if
Gd=1+j+k b=2i+4f—kandZ=1+j+3k
If |d| =3, |b| = 4 and |¢| = 5 such that each is perpendicular to

sum of the other two, find |d + b + €|

Decompose the vector 67 — 3] — 6k in two vectors which are parallel

and perpendicular to the vector i + j + k respectively.

If d, b and ¢ are vectors such that d.b =d.¢, dxb=axc, a#0,

then show that b = ¢

If @, b and Care three non zero vectors such thatd X b = ¢and b X ¢ = d.
1a

Prove that @, b and ¢ are mutually at right angles and |E| = 1and|c| =

N

ld|

Simplify (a - b)- {(b - ¢) x (c - a)}
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18.

19.

20.

21.

22.

23.

If r = xi +yj + zk, find the value of (r x )-(r x j) + xy

If 4, b and ¢ are three vectors such that d + b+ & =0 and |d| = 3,

|B| =5, |¢| = 7, find the angle between d and b.

The magnitude of the vector product of the vector i + f + k with a unit

vector along the sum of the vector 2i+4j—5k and A+ 2j+ 3k is

equal to V2. Find the value of A.

- 3 -

faxbh=¢cxdanddxc=Dbxd, prove that (a— ci)is parallel to

- - N

(5—5),where&¢dandb * C.

Find a vector of magnitude v171 which is perpendicular to both of the
vectors & =i+2j—3k and b =3i—j+ 2k .

Prove that the angle betwen two diagonals of a cube is cos” <l>

3

24, If a=3i—j and [3:2§+3+312 then express [§ in the form of

25.

- -

B=P+ [32 , Where f}l is parallel to o and [32 is perpendicular to o .

Find a unit vector perpendicular to plane ABC, when position vectors

of AB,C are 31 — j + 2k, i — j — 3k and 41 — 3) + k respectively.

190
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26. Suppose @ = Ai —7j + 3k, b= Ai +j+ 21k. If the angle between

g and b is greater than 90° , then prove that 1 satisfies the

inequality—7 < 4 < 1.

27.  If 3 and b are two unit vectors such that E] +»b| =3 then find the value of

(2a—5b). (35 +D).

- N A

Y A A A A o AN A i —- -
28. Leta=2i+j-3k,b i+'+kandc=|—1+ﬁ.Fmdavectordsuchthat a.d=0,
b.d=2andc.d=4.

Case Study Questions (4 Marks Each)

1. Afarmer moves along the boundary of a triangular field PQR. Three vertices of the
triangularfield are P(2, 1,-2), Q(-1, 2, 1) and R(1, -4, —2) respectively.

PA

/ \
Q4 AR

On the basis of above information, answer the following questions:
(i) Find the length of PQ.
(i) Find the Z/PQR
(iii) Find the area ofthe APQR
OR
(iii) Find projection of QP on QR.
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SELF ASSESSMENT-1

EACH OF THE FOLLOWING MCQ HAS ONE OPTION CORRECT
CHOOSE THE CORRECT OPTION.

1.

4.

A unit vector perpendicular to both i+ ] and ] +kis

(A)i+j+k (B)i - [+k
<C)%(f-]'+/€> (D)%(fw%l?)
If |a- b|= 2, |a x b| = 4, then the value of |a |> | b | is
(A)2 (B) 6

(C)8 (D) 20

The projection of vector a=i — 2] + k on vector b=4/ — 4] + Tkis

9 9
A pe— B —
( }19 ( }\4'19
9 19
€)= {D)E

N

If a is any vector, then the value of (a x i)* + (ax j)* + (a x k)° is
(A)la? (B)2|af
(C)3lap (D) 4|af

fa+b+c=0,|al=3,|b|=5|c|=7, then the angle between a and b is

n T
(A5 ®3

2n 5n
ey S
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SELF ASSESSMENT-2

EACH OF THE FOLLOWING MCQ HAS ONE OPTION CORRECT
CHOOSE THE CORRECT OPTION.

1. If a, band a + b are unit vectors. Then the value of |a - b |is

(A)0 (B)1 (C)+2 D)3

2. If a and b are two vectors such that |a|=2,| b|=1and a- b = 1, then the value of
(3a—5b)- (2a + 7b)is

(A)0 (B) 41 (C) 29 (D)7
3. Ife-(i+j)=2c-(i - j)=3and c-k =0, then the vector c is
1 - - 1 =
(A}2(5f + ) {312(5* -J)
(©)5(7 - 5)) ©) 5 +5))

4. If the projection of 37 + 4] + k on i + j is +/2 units, then the value 2 is
(A)1 (B) -1 (C)0 (D)2

5. Ifla|=2|b|=7and axb=3i +2] - 6k, then the angle between a and b is
n n n m
A)= B)— C)= D) =
( )6 ( )4 ( )3 ( )2
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Answers
ONE MARK QUESTIONS

MCQ (1 Mark Each)

1. {¢)(7.3,0)
2. by x==1y=2
1 3 B o
— (4 +2j -k
3. {d) _@(H j-K)
4. (a) g(m’ b )
, 18
5 (@) A= 5
6. (c) 2/3
27
7. (b) P==
8 (c)0
9. (a) -5
10. (d) 7 _+2y3
1. (a) %(-Z+2}+2f%)
12. (b) 45°
13. {¢) 543 sq. units
14. (@) »=5
15. (b) 60°
16. (a) [0, 12]
17. (b) 44
18. (c) g
19. (d) 1a1=4215I
20. (c) 3
21. (c)
22. (a)
23. (a)
24. (a)
25. {d)
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TWO MARK QUESTIONS

1. 4(\/51’A+;+l€)

2. 22
3. 2
4. m=8
5. 0
6. 3
7. A=2
10. -169
1. 22
12. AC=3(3-D1), BC =4(3-D)
-_2
14. p 3,2
15. /33
32 32 N A0
16. 25, 22 (21+ 6] + 3k)
__31 -4
17. x= 12 y 12
18. 7
19. T
2
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11.

12.

13.

14.

17.

18.

19.

20.

22.

24,

25.

THREE MARKS QUESTIONS

x=3,y=3, 1:2 27. -1
2
> ~ - A A A
d=7t—-7]—-7k 28. d=2i—-j+k
11
COoS -
V3 Case Study Questions
xb+bxc+cxa=0 (i) /']_gunits
. /3
> ~ (ii) cos*<—)
b=21+27+2k A9
3 3 3
I 4 .
i) — square units
— units (i) = /1o s
V38
OR
52 (i) 3 units

(-t—j—k)+ (7t — 2} — 5k)
SELF ASSESSMENT-1

0 1.(C) 2. (D)
3.(D) 4. (B)

0 5. (B)

60° SELF ASSESSMENT-2

1. (D) 2. (A)
3. (B) 4. (B)
5. (A)

(100 + 7/ — 4k)
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CHAPTER 11
THREE-DIMENSIONAL GEOMETRY

Inthe real world, everything you see is in a three-
dimensional shape, it has length, breadth, and
height. Just simply look around and observe.
Even athin sheet of paper has some thickness.

Applications of geometry in the real world
include the computer-aided design
(CAD) for construction blueprints, the
design of assembly systems in
manufacturing such as automobiles,
nanotechnology, computer graphics,
visual graphs, video game programming,
and virtual reality creation.

The next time you play a mobile game, thank three-dimension geometry for the realistic look
to the landscape and the characters that exhibit the game's virtual world.

/' THREE DIMENSIONAL GEOMETRY |

Topics to be covered as per C.B.S.E. revised syllabus (2025-26)
* Direction cosines and direction ratios of a line joining two points.
e Cartesian equation and vector equation of aline.
e Skewlines
* Shortestdistance between twolines.

* Angle betweentwolines.
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POINTS TO REMEMBER

° Distance Formula: Distance (d) between two points( x; , y; ,

zq1)and(x, ¥z, Z;)

d= \/(xz —x1)%+ (o, —y1)? + (2, — 21)?

° Section Formula: line segment AB is divided by P (x, y, z) in ratio m:n

(a) Internally (b) Externally

(m X, + nxy my, + ny; mz, + nzl) (mxz —nXqp Mmy; —ny, mz; — nZ1)

) )
m+n ' m+n ' m+n m-—n m-—n m-—n

o Direction ratio of a line through (x;,y,,2;)and (x,,y,,z,) arex, —

X1,Y2 = V1,22 — 21

° Direction cosines of a line having direction ratios as a, b, ¢ are:
a b c
=t = M=t ——, n=14 —
== VaZ+b2+c2’ — VaZ+b2+c2’ — VaZ+bZ+c2

e Equation of line in space:

Vector form Cartesian form
(i) Passing through point a@ and (i) Passing  through point
parallel to vector b; 7 = @ + Ab ( X1,¥1,z1 ) and having
direction ratios a, b, c;
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Gandb;#=d+1(b—ad)

X=X1 _ Y71 _ 274
a b c
(ii)Passing through two points | (ii))Passing through two points

(x1,¥121) and (x5, y,2,);

X=X1 _ Y=YV1 _ Z7Z3

Y2=V1

X2—X1 Z2—7Z1

Angle between two lines:

Vector form Cartesian form
(i) For lines 7#=a;+Ab, and
- = N . x Y-y z-z
L b1 . by (i) For lines ==—2 = —land
T'=a2+,ub2,COSH= =T 1 b1 C1
[1[B,
) X—X2 Y=Y2 _ 2722
where ‘0’ is the angle ay by ¢
between two lines.
cos @

laja; + biby + cicyl

\]a%+b%+c%\/a%+b%+c§

(iii) Lines are perpendicular if
b,.b,=0

(i) Lines are perpendicular if

a,a, + ble + C1Cp = 0

(iv) Lines are parallel if El = kl_))2 ;

k+0

(i)

Lines are parallel if

G _b_a

a, b, ¢
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° Shortest distance between two skew lines

The shortest distance between The shortest distance between

two skew lines xX-x1 YV-y1i Z—73

and
anl+lgland?=&2+u52 is

(d, —d,) . (51 X Bz)

d= — Xop—=X1 Y2—=Y1 Z2— 24
|b1 X b2| a1 bl Cl
d = a b, C2
VD
If d =0, lines are intersecting
Where

D = {(a;b, — azby)* + (bycy — bycy)?

+ (c1a; — c;a1)%}

* Shortest distance between two parallel lines

Let r = a1 + Aband r = a2 + b are parallel lines then shortest distance between
those lines

If d =0, then lines coincident.

lllustration 1:
Are the following lines interesting?

r=3i +2j -4k + A (i +2] + 2k)
andr =5/ - 2j + w3/ + 2] + 6k)
If yes, find point of intersection.

Solution:
We can write the equations in cartesian form
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1 2 2
and X'_5=y_+2=5=m (i)
3 2 6

Any point on line (i) P(A + 3, 21 +2, 21 — 4)
Any point on line (ii) Q (3u + 5, 2u — 2, 6u)
Comparing x, y and z coordinate respectively
A+3=3u+520+2=2u-2,21 -4 =6u
orAa-3u=2,2A-2u=-4,2A-6p=4
orr-3u=2,A—-p=—-2,A-3u=2
Solving first two, we get A = -4, p =-2
A =—4, u=-2, Satisfies A — 3p =2

lines are intersecting
and point of interesting (-1, -6, —12)
Or
Using distance formula
If
th(b1 x b2)" (a2 — a1)=0)

Illustration 2:

Also find the length of the perpendicular and image of P in the given lines.
Solution: We have

LX=20-1,y=-20+3,z=-A P(1, 2, -3)
Let M(2L — 1, =2\ + 3, —A) be the foot of perpendicular.

DR'sof PMare <2, -1-1,-2A+3 -2, -\ + 3>

or <2A-2,-20+1, -\ + 3> M

Find the foot of perpendicular from the point P(1, 2, —-3) to the line XTH AR —.

Line
»

-+ PM is perpendicular to the line
220 —2)-2(-21+1)=1(-A+3)=0
4r—4+4)1-2+1-3=0

M-9=0

=A1r=1

Q(a, b, ¢)
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Foot of the perpendicular M = (1, 1-1)

and PM = J(1-12 +(2=12 +(-3+12 =0 +1+4 =5
Let Q(a, b, ¢) be the image of P
As M be the mid point of PQ. (As line is plane mirror)

a1 b a=1
2

b*2 1 b b=0
2

ﬂ=_1 b c¢=1
2

image of Pis (1,0, 1)

ONE MARK QUESTIONS

Multiple Choice Questions (1 Mark Each)

Select the correct option out of the four given options:

1.

Distance of the point (a, b, ¢) from x-axis is

@ b ®
) Ja +b?* () JZ 102+ &7
2. Angle between the lines 2x=3y=-zandBx=-y=-4zis
(a) 45° (b} BO°
(c} 90° (d) 30°
3. Equation of the line passing through (2, -3, §) and parallel to
x=-1_ y-2 z+1
3 4 -1
X12_y-8_z15 o X-2_y-8_z5
3 T3 4 1 B 3 4 1
Xx-2 y+3 5-2 x-2 _y+3 z-5
) 73 4 1 W34z
& fhelnes X a8 T gy 22 ¥ 2 dicular, then the val
. e lines 2 5 x 3 2 2 are perpendaicuiar, nthe vaiue
of ‘A" is
(a) h=-2 by h=2
(€} A=1 (d) A =-1
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5.  Cartesian form of line 7 = (i — /) + M2] — k) is

=1, y+1_ 2 ¥kl =1
@ 5 =% T4 ®) ===
e (O el B XH1_¥y+1_z
© 5 "3 70 @ 5 =770
6. The coordinates of the foot of the parpendicular drwan from the point (-2, 8 7) on the
xz plane is
(a) (0,8,0) (b) (2,0, 7)
(c) (2,8,-7) (d) (-2,-8,7)
7. The length of perpendicular from the point (4, -7, 3) on the y-axis is
(a) 3 units (b) 4 units
(c} 5 units (d) 7 units

8. If cosu, cosp and cosy are direction cosimes of a line, then the value of cos 2a +
cos2p + cos2y is

(a) 1 (b) -1
(c) 2 (d) -2
9. Iftwolinesx=ay+b z=cy+dandx=ay+ b, z=c'y+ dare perpendicular, then
(a) aa’'+cc’ =1 (byaa"+cc’'+1=0
a c a c
—t—=1 —+—+1=0
© F*7 @ S+

10. A point P lines on the line segment joining the points (-1, 3, 2) and (5, 0, 6), if x-
coordinate of P is 2, then its z coordinate is
(a) 8 (b) 4
(c) 3 (d) -1

ASSERTION-REASON BASED QUESTIONS

In the following questions a statement of Assertion (A) is followed by a statement of
Reason (R). Choose the correct answer out of the following choices:

(a) Both (A) and (R) are true and (R) is the correct explanation of (A)

(b) Both (A) and (R) are true but (R) is not the correct explanation of (A)

(c) (A)is true and (R) is false

(d) (A) is false, but (R) is true
11.  Assertion (A) : The vector equation of a line passing through the points (3, 1, 2) and

(4,2, 5)is =3f+f+2§+l(!’+}+3§] )
Reason (R) : The vector equation of a line passing through the points with position

vector dandb is F =&+ A(b-4)
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12. Assertion (A) : If a line joining the points (1, 0, 4) and (3, X, 7) is perpendicular to the
line joining the points (1, 2, -1) and (2, 3, 0), then A =-5
Reason (R) : Two lines with direction ratios (a,, b,, c,) and <a,, b,, c,> are parallel if
a_bk_o
32 bE CE
13. Assertion (A) : The coordinates of the point where the line
. o o 8 -5
F =(3i +j—k)+h(-i +2j +3k) cuts xy-plane and 5.?.0
Reason (R) : The z-coordinate of any point on xy-plane is 0.
4. ARSBHIGH CAY U x+1 2-y z-3 d2_x“y_1-2+ ink i at
. Assertion (A) : Lines 1 > 3 an 3 a —y Intersect at a
paint.
Reason (R) : Two lines r =4 +A,51 andr =a, +p,52are intersecting if
(b xb,).(d, -8, 0.
TWO MARKS QUESTIONS
1. Find the equation of a line passing though (2, 0, 5) and which is parallel to
line 6x —2=3y+1=2z2-2
2. The equation of a line are 5x — 3 = 15y + 7 = 3 — 10 z. Write the direction
cosines of the line
3. If a line makes angle o, B, y with Co-ordinate axis then what is the value of
sin? o + sin? B + sin?y
4. Find the equation of a line passing through the point (2, 0, 1) and parallel
to the line whose equation is = (21+3)?+ (71.—1)f+ (—3l+2)/€
5. Find the condition thatthe linesx=ay+b,z=cy+dandx=a'y+b’,z=c'y+d’
may be perpendicular to each other.
6. Show thatthe lines x=-y =2zand x+2 =2y — 1 =—-z + 1 are perpendicular to
each other.
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10.

Find the equation of the line through (2, 1, 3) and parallel to the line

2x-1_4-y z+1 | .
5 7 o in cartesian and vector form.

Find the cartesian and vector equation of the line through the points (2, -3, 1)
and (3,—4,-5)

For what value of L and p the line joining the points (7, X, 2), (1, —2, 5) is parallel
to the line joining the points (2, -3, 5), (-6,-15, 11)?

If the points (-1, 3, 2), (-4, 2,—-2) and (5, 5, 1) are Collinear, find the value of A.

THREE/FIVE MARKS QUESTIONS

Find vector and Cartesian equation of a line passing through a point
with position vector 21 — j + k and which is parallel to the line joining

the points with position vectors—1 + 4] + kandi+ 2] + 2k.

-1
Find image (reflection) of the point (7, 4, -3) in the Iine% = yT =
z-2
P
. .o x+1 y+3 z+5 .o x=2 y—4
Show that the lines line— = ——=——and line— =——=
3 5 7 1 3

-6
ZTintersect each other. Find the point of intersection.

Find the shortest distance between the lines:
T = i+2f+ 3k +p(2t + 37 + 4k) and

7 = (2044 + 5k) + A(31 + 4] + 5k).
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10.

1.

12.

13.

Find shortest distance between the lines:

D — nd—:—_

x+1 y+1 z+1 x—-3 5—-y z—-7
= = a I
7 -6 1 1 2 1

Find the shortest distance between the lines:

T=0-Di+1-2)j+ (B -2k
T=@+Di+Qu—-1j—Qu+ 1k

Find the foot of perpendicular from the point 2 —j + 5k on the line

7 = (111 — 2 — 8k) + A(10f — 4f — 11k). Also find the length of the

perpendicular.

A line makes angles «, ,y, 8 with the four diagonal of a cube. Prove

that cos?a + cos?f + cos?y + cos?8 = g

Find the length and the equations of the line of shortest distance

. x—8 y+9 z—10 x—15 y—29 z—5

between the lines = = and = = —.
3 -16 7 3 8 -5
x—1 +1 1 -2
Show thatT = YT = Zand% = yT,Z = 2. do not intersect each
other.
. Xx+2 y+1 z-1 x-3 y-k z ]
If the line = = and = ——— = — intersect, then find the
2 3 4 1 2 1
value of k.

x-1 y-2 z-3
3 4
and passes through the point (1, 1, 1).

Find the equation of the line which intersects the lines
X+2 y-3 _ zZ+1
1 2 4
Find the equations of the two lines through the origin which intersect the line

x-3 y-3
2 1

and

Z
S atangle of n/3.
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14. Find the foot of perpendicular drawn from the point (2, -1, 5) to the line
F=(11—2] —8k)+A(10/ — 4] —11k)
Also find the length of the perpendicular. Hence find the image of the point
(2,-1,5)inthe givenline.
15. Find the image of the point P(2, -1, 11) in the line
F = (27 +3k)+A(27 +3] +4k)

16. Find the point(s) on the line through the point P(3, 5, 9) and Q(1, 2, 3) at a
distance 14 units from the mid-point of segment PQ.

17. Find the shortest distance between the following pair of lines
x—1__y+1_ 4 x+1 y-2
2 3 5 1
Hence write whether the lines are intersecting or not.
18. Find the foot of perpendicular from the point (1, 2, 3) to the line
F=(6/ +7]+7k)+ M3 +2] - 2k)

Also find the equation of the perpendicular and length of perpendicular.

19. Find the equation of the line passing through (-1, 3,—2) and perpendicular to the
lines X+1_y-2_2z+5  Xx-2_y_2z+1
1 2 3 -3 2 5
20. Find the points on the line Xx+2 _y+1_3-2  4iadistance 3v2 fromthe

point (1,2, 3) 2 -2

21. The points P(4, 5, 10), Q(2, 3, 4) and R(1, 2, —1) are three vertices of a
parallelogram PQRS. Find the vector equations of the sides PQ and QR and
alsofind the coordinates of point S.

22. Find the equation of perpendicular from the point (3, -1, 11) to the line
x 2y-4 3-z

2 6 -4
Also find the foot of the perpendicular and the length of the perpendicular.

23. Showthatthelines =X _¥~=2 _2-3 anq x-4 e are
-2 3 4 5 2
intersecting. Also find the point of intersection.
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24, Forwhat value of "\', the following are Skew lines?
x—=4 1+y _, x=1_y—-2 z-)

’

5 2 2 3 4

25. Find the vector equation of the line passing through (2, 1, —1) and parallel to the
line 7 = (7 + )+ 2(2f — ] + k) Alsofindthe distance between these two lines.

SELF ASSESSMENT-1

EACH OF THE FOLLOWING MCQ HAS ONE OPTION CORRECT, CHOOSE THE
CORRECT ALTERNATIVE.

-1 _y+2 z+8

1. The foot of perpendicular drawn from the point (2,—1, 5) to the line X

10 -4 11
is
(@) (2,1,3) (b) (3,1,2)
() (1,2,3) d) (3,2,1)

2. The shortestdistance between the lines r =(6f+2] +2/?)+7»(f— 2]’+ 2/2)
and T =(-4i - 4k)+n(3i - 2] - 2k)is
(@) 10units (b) Qunits
(c) 12units (d) 9/2units
3. If the x-coordinate of a point A on the join of B(2, 2, 1) and C(5, 1, —2) is 4 then its
z-coordinate is
(@) -2 (b) -1
(c) 1 (d) 2

4. Thedistance of the point M(a, b, c) from the x-axis is

(@) Vb%+c? (b) c? +a?
© +a®+b? (d) +a?-b?+c?

x—3=y—2=z—1

5. Thestraightline is
9 3 10
(a) parallel to x-axis (b) paralleltoy-axis
(c) parallel to z-axis (d) perpendicular to z-axis
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SELF ASSESSMENT-2

EACH OF THE FOLLOWING MCQ HAS ONE OPTION CORRECT, CHOOSE THE
CORRECT ALTERNATIVE.

1. The shortest distance between the line XT_S = % = i and y-axisis
1
(a) % units (b) 5 units
(c) Ounits (d) 3units

Xx+1_y+3 _2z+5

2. The point of intersection of the lines

3 5 7
dx—2 _.1.4—4_2—{3iS
e T R
1 -1 2) 111
@ 3373, ) [333
(1 41.1) 1 -1 -3)

3. Ifaline makes the same angle o, with each of the x and z axes and the angle 3 with y-axis
such that 3sin®a = sinp, then the value of cos? a.is

1 2
(@ & (b) 3
3 2
© d) 3
4. If the lines x*+3 _y-1_5-2 and X*t2 _2-y_2 are perpendicular, then the
k-5 1 -2k -1 -1 -k 5
value of k is
(@) 1 (b) -1
(c) 2 d) -2
. . X _y+1_z-3.
5. Theimage ofthe pointP(-1, 8, 4)to the ImeE =5 Tz is
(@) (5,4,4) (b) (5,0,4)
(C) (-3! _6! 10) (d) (1! 8v 4)
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Case Study Based Questions

Two birds are flying in the space along straight path L, and L,

(Neither parallel nor intersecting) where,

L, P

L, Q

x=3._y-=8 z-3

Ly

3 -1 1
x+3 y+7 z-6
=3 2 4

P and Q are the points on the path L1 and L2 respectively such that PQ is
perpendicular on both paths L1 and L2. On the basis of above information,

answer the following questions
(i) Find the length PQ
(i) Find the equation of PQ

A carpenter designed a Cuba of side a units and put it in 3 dimensional system
such that one vertex at origin and adjacent sides on three coordinate axes as

shown in figure
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Based on the above information, answer the following questions:

(i) Write the coordinates of the vertices D, E, Fand G.

(i) Findthe direction ratios of the diagonal OG.

(iii) Find the direction cosines of the diagonals CE and DB

OR

(iii) Find the angle between CE and DB.

ANSWERS

ONE MARK QUESTIONS

3. (C) = e

4. (b) r=2

8.

10.

11.

12.

13.

14.

(b)

(b)
(b)
(a)
(b)
(d)
(c)

-1

aa’+cc’'+1=0

4

TWO MARK QUESTIONS

1 X—Z_Z_Z—S
' 1 2 3
62 -3
2- s
7’7
3. 2
4. T =2i+k) +1(2i+7]-3k)
5. aa’+cc’'+1=0

10.

Xx—=2 y-1 Z~-3

1

-7 2

F=(20+j+3K)+Mi - 7] +2k)

x-2 y+3 _ z-1

1 < -8
F=(21=3j+k)+ (i — ] —6k)
r=4
n=3
A =10
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1.

12.

13.

14.
15.

16.

17.

18.

19.

THREE/FIVE MARK QUESTIONS

V6
2+/29 units
8
V29
(1,2,3),V14
. x—=5 y—-7 z-3
SD = 14 units, = =
2 3 6
K=12
x=1_y-1_ z-1
3 10 17
i z—iandi—lzi
1 2 -1 1 =2
(1,2,3), /14, (0,5, 1)
(6,7,3)
{ - )
|619718y '21_51-6_
L 2 L2 J
9 Not intersecting
J195’
BE a2l N2 80 o
2 3

Xx+1_y-3_z+2

2

-7

4

z-1
1

212
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20.

21.

22.

23.
24.

25.

1. (i) 34/30 units

- (©)

. (A)

F=(25+}—£}+p{21 j+k:l

(-2, -1 }(55 43 111)
17°17°17

PQ:F =(4i +5] +10k)+ (2 +2j +6k)

QR :F =(2i +3j+4k)+u(i + j + 5k), Point S(3,4,5)
x=d _y#t  z-11
1 -6 4
-1, -1,-1)

A % 69/11

,(2,5,7), /53 units

|—1 units

Vé
SELF ASSESSMENT TEST-1
2. (B) 3. (B) 4. (A)

SELF ASSESSMENT TEST-2
2. (D) 3. (C) 4. (B)

CASE STUDY BASED QUESTIONS
(i) F=(3i +8)+3k)+ (2 +5] — k)

(i) D(a,0,a),E(a,a,0),F(0,a,a)&G(a, a, a)
(i) <1,1,1>

1, 9
3

[ 1
(iii) Direction cosines of CE are &E—Jz;ﬁ)

-1

DB are < ﬁ

%

Y

&I*

OR

Ww|=

Angle between CEand DB = cos ’(
/
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CHAPTER-12
LINEAR PROGRAMMING

Linear programming is used to obtain optimal solutions for operations research. Using LPP,
researchers find the best, most economical solution to a problem within all of its limitations,
or constraints.

Few examples of applications of LPP

(i) Food and Agriculture: In nutrition, Linear programming provides a powerful tool to aid
in planning for dietary needs. Here, we determine the different kinds of foods which
should be included in a diet so as to minimize the cost of the desired diet such that it
contains the minimum amount of each nutrient.

(i) Transportation: Systems rely upon linear programming for cost and time efficiency.

Airlines use linear programming to optimize their profits according to different seat prices
and customer demand. Because of this only, efficiency of airlines increases and expenses
are decreased.

TOPICS TO BE COVERED AS PER CBSE LATEST CURRICULUM 2025-26
* Introduction, constraints, objective function, optimization.
» Graphical method of solution for problems in two variables.
» Feasible and infeasioble region (bounded or unbounded)
* Feasible and infeasible solutions.

» Optimal feasible solutions (upto three non-trival constraints)
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KEY POINTS :

e OPTIMISATION PROBLEM : It is a problem which seeks to maximize or minimize a
function. An optimisation problem may involve maximization of profit, minimization
of transportation cost etc, from available resources.

¢ ALINEAR PROGRAMMING PROBLEM (LPP) : LPP deals with the optimisation
(maximisation/minimisation) of a linear function of two variables (say x and vy)
known as objective function subject to the conditions that the variables are non
negative and satisfy a set of linear inequalities (called linear constraints). A LPP
is a special type of optimisation problem.

e OBJECTIVE FUNCTION : Linear function z= ax + by where a and b are constants
which has to be maximised or minimised is called a linear objective function.

o DECISION VARIABLES : In the objective function z= ax + by, x and y are called
decision variables.

o CONSTRAINTS : The linear inequalities or restrictions on the variables of an
LPP are called constraints.

The conditions x >0, y >0 are called non-negative constraints.

e FEASIBLE REGION : The common region determined by all the constraints
including non-negative constraints x>0,y >0 of a LPP is called the feasible
region for the problem.

o FEASIBLE SOLUTION : Points within and on the boundary of the feasible region
for a LPP represent feasible solutions.

o INFEASIBLE SOLUTIONS : Any point outside the feasible region is called an
infeasible solution.

e OPTIMAL (FEASIBLE) SOLUTION : Any point in the feasible region that gives
the optimal value (maximum or minimum) of the objective function is called an
optimal solution.

e THEOREM 1 : Let R be the feasible region (convex polygon) for a LPP and let
z = ax + by be the objective function. When z has an optimal value (maximum or
minimum), where x and y are subject to constraints described by linear inequalities,
this optimal value must occur at a corner point (vertex) of the feasible region.

e THEOREM 2 : Let R be the feasible region for a LPP. & let z = ax + by be the
objective function. If R is bounded, then the objective function z has both a
maximum and a minimum value on R and each of these occur at a corner point
of R.

If the feasible region R is unbounded, then a maximum or minimum value of the
objective function may or not exist. However, if it exists it must occur at a corner
point of R.
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e MULTIPLE OPTIMAL POINTS : If two corner points of the feasible region are
optimal solutions of the same type i.e both produce the same maximum or
minimum, then any point on the line segment joining these two points is also an
optimal solution of the same type.

lllustration:

A company produces two types of belts A and B. Profits on these belts are Rs. 2 and Rs.
1.50 per belt respectively. A belt of type A requires twice as much time as belt of type B.
The company can produce atmost 1000 belts of type B per day. Material for 800 belts per
day is available. Atmost 400 buckles for belts of type A and 700 for type B are available
per day. How much belts of each type should the company produce so as to maximize
the profit?

Solution: Let the company produces x no. of belts of type A and y no. of belts of type B
to maximize the profit.

. Objective function Max z=2x + 1.5y

As, maximum 1000 belts of type B : 1 day

th
1
1 belt of type B : (W] of a day

th
2
ATQ, 1 belt of type A : (Wj of a day

A

2x LY \ 4
1000 1000 1000
900\" 109\
2x + y <1000 oM
R SR y=790
L.P.P becomes (0,700) -
600 ¢ C(200,600)
Max z = 2x + 1.5y 500 ¢
s.t. 2x + y < 1000 400
300 ¢
x+y <800 200
x<400,y<700,x>0,>0 100
X'« » X
Here, the feasible negion is bounded (98
given be region OABCDE. ‘y
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Using Corner point method.

Corner Points Obj. fn. z = 2x + 1.5y
0O (0,0) 0
A (400, 0) 800
B (400, 200) 1100
@0) 1300 > max z.
D (100, 700) 1250
E (0, 700) 1050

-, Optimal solution is given by C(200, 600)

i.e. company should produce 200 belts of type Aand 600 belts of type B so as to maximize
the profit of Rs. 1300.
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ONE MARK QUESTIONS

The solution set of the inequation 3x + 4y < 7 is:

(a) Whole xy plane except the points lying on the line 3x + 5y = 7

(b) Whole xy plane alogn with the points lying on the line 3x + 5y =7

(c) Open half plane containging the origin except the point of line 3x + 5y = 7

(d) Open half plane not containging the origin except the point of line 3x + 5y = 7

2. Which of the following points solisfies both the inequations 2x + y <10 and x + 2y > 8?
(@) (-2, 4) (b) (3,2)
(c) (-5, 6) (d) (4.2)

3. The objective function Z = ax + by of LPP has maximum value 42 at (4, 6) and
minimum value 19 at (3, 2). Which of the following is true?
(@) a=9,b=1 (b)a=5b=2
(c) a=3,b=5 (da=5,b=3

4. The corner points of the feasible region of a LPP are (0, 4), (7, 0) and [%,%} f
z = 30x + 24y is the objective functions, then (maximum value of z-minimum value of
z) is equal to
(a) 40 (b) 96
(c) 120 (d) 136

5. The minimum value of z = 3x + 8y subject to the constraints x <20,y > 10 and x > 0,
y>0is
(a) 80 (b) 140
(c) O (d) 60

6. The number of corner points of the feasible region determined by the constraints
X—y>0,2y<x+2,x>0,y>0is
(a) 2 (b) 3
(c) 4 (d) 5

7. The no. of feasible solutions of the L.P.P. given as maximise z= 15x + 30y subject the
constraints:
Ix+y<12, x+2y<10,x>0,y>0is
(a) 1 (b) 2
(c) 3 (d) infinite
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8. The feasible region of a linear programming problem is shown in the figure below:

Which of the following are the possible constraints?
(@) x+2y>4,x+y<3,x>0,y>0
(b) x+2y<4,x+y<3,x>0,y>0
(c) x+2y>4,x+y>3,x>20,y>0
(d) x+2y>4,x+y<3,x<0,y<0
9. L.P.P.is a process of finding
(a) Maximum value of the objective function
(b) Minimum value of the objective function
(c) Optimum value of the objective function
(d) None of these
10. Which of the following statements is correct?
(a) Every L.P.P. admits an optimal solution
(b) AL.P.P. admits a unique optimal solution
(c) IfaL.P.P.admits two optimal solutions, it has an infinite number of optimal solutions
(d) The set of all feasible solution of a L.P.P. is not a convex set
11. Region represented by x>0, y >0 is
(a) First quadrant (b) Second quadrant
(c) Third quadrant (d) Fourth quadrant
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12. The feasible region for L.P.P. is shown shaded in the figure. Let f = 3x — 4y be the
objective function, then maximum value of fis

(a) 12 (b) 8
(c) O (d) —18
13. The area of the feasible region fo the following constraints
Jy+x>3,x>0,y>0 will be
(a) Bounded (b) Unbounded

(c) Convex (d) Concave

14. Theline 5x +4y >20, x <6,y <4 form,

(a) Asquare (b) Arhombus
(c) Atriangle (d) A qudrilateral
15. The graph of inequations x <y and y < x + 3 is located in
(a) Il quadrant (b) I, Il quadrant
(c) I, Il and Il quadrant (d) 11, I, IV quadrant

16. The corner points of the bounded feasible region determined by a system of linear
constraints are (0, 3). Let Z = px + qy where p, g > 0. Then condition on p and q so that the
minimumof Zoccurs at (1, 1)and (3, 0)is:

(a)P=2q (b)p=q/2 (c)p=3q (d)p=q
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17. The feasible region ABCD corresponding to the linear constraints of a linear
programming problem is given below :

18.

19.

(a) (0.6, 1.6)

YA
TNl ~
S 3
.\
- Y |C
. AN
E. 7
0,2) /
*;‘
/ 7,
D
|00/ N@0o 10,9
< N : MRS
X,V'V V +x
-Jz4
5

Which of the following is not a constraint to the given linear programming
problem?

(a)x+y=>2 (b)x+2y<10 (c)x-y=>1
The solution set of the inequality 3x + 5y <4 is
(a)An open half — plane not containing the origin.
(b)An open half — plane containing the origin.
(c)An whole XY —plane not containing the line 3x + 5y =4

(d)Aclose half —plane containing the origin.

The corner points of the shaded unbounded feasible region of an LPP are
(0,4), (0,6, 1)and (3, 0) as shown in the figure. The minimum value of the

objective function Z =4x + 6y occurs at
' N

(d)x-y<1

<A
N 4

Y'w

(b) (3,0)only (c)(0.6,1.6)and (3, 0) only

(d)Atevery point of the line segment joining the points (0.6, 1.6) and (3, 0)
20. The corner points of the bounded feasible region determined by the system

of linear constraints are (0, 0), (4, 0), (2,4) and (0, 5). If the maximum value of

z=ax+by

where a, b >0 occurs atboth (2,4) and (4, 0) then

(a)a=2b (b)2a=b

(c)a=b

(d)3a=b
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ASSERTION-REASON TYPE QUESTIONS
Directions: Each of these questions contains two statements, Assertion (A) and Reason

(R). Choose the correct answer out of the following choices.

(a) Both (A) and (R) are true and (R) is the correct explanation of (A)

(b) Both (A) and (R) are true but (R) is not the correct explanation of (A)

(c) (A)is true and (R) is false

(d) (A)is false but (R) is ture

21. Assertion (A) : If a L.P.P. admits two optional solution then it has infinitely many optimal
solution.

Reason (R) : If the value of the objective function of a L.P.P. is same at two corners
then it is same at every point on the line segment joining the two corner pionts.

22. Assertion (A): The solution region satisfied by the inequalities x + y <5, x <4,y <4,
x>0,y >0is bounded.

Reason (R) : Aregion in x-y plane is said to be bounded if it can be enclosed within a
circle.

23. Assertion (A) : Minimize z = x? + 2xy + y? can be considered as the objective function
for the L.P.P.

Reason (R) : Objective function of the L.P.P. is of this type z = ax + by; a and b are real
numbers i.e. z is linear function of x and y.

24. Assertion (A) : The region represented by the inequalities x > 6, y > 2, 2x + y > 10,
x> 0,y2>0is empty.

Reason (R) : There is no (X, y) that satisfies all the constraints.

25. Assertion (A) : Corner points of the feasible region for an L.P.P. are (0, 2), (3, 0),
(6, 0), (6, 8) and (0, 5). Let F = 4x + 6y be the objective function. The minimum value
of F occurs at (0, 2) only.

Reason (R) : Minimum value of F occurs at all the infinite no. points that lie on the line
segment joining (0, 2) and (3, 0).
THREE MARKS QUESTIONS
1. Solve the following linear programming problem graphically:
Maximise z = — 3x — 5y
subject to the constraints
—2x+y<4
x+y2>3
X—2y<2
x>0,y>0
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2. Solve the following LPP graphically:
Maximise z = 5x + 3y
s.t. the constraints
3x+5y<15
5x +2y <10
X,y=>0

3.  Solve the following LPP graphically
Maximise z = x + 2y
s.t. x+2y>100
2x-y<0
2x +y <200
x>20,y>0

4. The objective function z = 4x + 3y of a LPP under some constraints is to be maximized
and minimized. The corner points of the feasible region are A(0, 700), B(100, 700),
C(200, 600) and D(400, 200). Find the point at which z is maximum and the point at
which z is minimum. Also find the corresponding maximum and minimum values of z.

5.  Solve graphically
Minimise : z=-3x + 4y
s.t. 3x+2y<12
X, y=>20

6. Solve the following LPP graphically
Minimise: Z = 60x + 80y
s.t. 3x+4y>8
5x+2y>11
X,y=>0

7. Solve graphically
Maximise : z = 600x + 400y
s.t. X+2y<12
2x+y<12
x+1.25y>5
X,y>0

8.  Solve graphically
Maximise : P = 100x + 5y
s.t. X +y<300
3x +y <600
y<x+ 200
9.  Solve the LPP graphically
Minimize z=5x+ 10y
s.t. X+2y<120,x+y>60,x-2y>0
x>0,y>0
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10. Determine graphically the minimum value of the following objective function:
z = 500x + 400y
s.t. x+y <200
x> 20
y > 4x
y>0
11. Find graphically, the maximum value of Z = 2x + 5y, subject to the constraints given
below:
X+2y<4,3x+y<6,x+y<4,x>0,y>0

FIVE MARKS QUESTIONS

Q. 1 Solve the following LPP graphically.
Maximize z = 3x + y subject to the constraints
x+2y 2100
2x—-y <0
2x+y <200
x,y >0
Q.2 The corner points of the feasible region determined by the system of linear
constraints are as shown below.

Y, B (4, 10)
'10” _J__.dh
91 /
A (0, 8) g 4= C (6, 8)
7
6
D65
& (6, 5)
4
3
2
1 E (4,0)

123456

Answer each of the following :

(i) Let z=3x-4y be the objective function. Find the maximum and minimum
value of z and also the corresponding points at which the maximum and
minimum value occurs.

(i) Letz=px+qy where p,q >0 be the objective function. FInd the condition

on p and g so that the maximum value of z occurs at B (4, 10) and C (5, 8).
Also mention the number of optimal solutions in this case.
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CASE STUDY QUESTIONS
Q. 1 Aman rides his motorcycle at the speed of 50 km/hr. He has to spend Rs 2/km on
petrol. But if he rides it at a faster speed of 80 km/hr, the petrol cost increases to

Rs 3/km. He has atmost Rs 120 to spend on petrol and one hr’s time. he wishes
to find the maximum distance that he can travel.

Based on the above information answer the following questions.

(1) If he travels x km with the speed of 50 km/hr and y km with the speed of 80
km/hr, then write the objective function

(2) Find the Maximum distance man can travel?

Q.2 Two tailors Aand B earn Rs 150 and Rs 200 per day respectively. A can sticth 6

shirts and 4 pants per day, while B can stitch 10 shirts and 4 pants per day. it is
desired to produce atleast 60 shirts and 32 pants at a minimum labour cost.

Tailor A

Tailor B
Based on the above information answer the following.

(1) If x and y are the number of days A and B work respectively then find the
objective function for this LPP

(2) Find the optimal solution for this LPP and the minimum labour cost?
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SELF ASSESSMENT-1

EACH OF THE FOLLOWING MCQ HAS ONE OPTION CORRECT, CHOOSE THE COR-
RECT ALTERNATIVE.

1.

Objective functin of a L.P.P. is
(a) A constraint

(b) A function of be optimised
(c) Arelation between the variables
(d) None of these

The solution set of the inequation 2x + y > 5 is

(a) Open half plans that contains the origion

(b) Open half plane not containing the origin
(c) Whole xy-plane except the points lying on the line 2x + y =5
(d) None of these

Which of the following statements is correct?
(a) Every L.P.P admits an optimal solution
(b)

(c) If a LPP admits two optimal solutions, it has an infinite number of optimal solutions
(d)

A L.P.P. admits unique optimal solution

None of these

Solution set of inequation x > 0 is
(a) Half plane on the left of y-axis
(b)

(c) Half plane on the right of y-axis including the points on y-axis
(d)

Half plane on the right of y-axis excluding the points on y-axis

None of these

In a LPP, the constraints on the decision variables x and y are
x—3y>20,y>0,0<x<3.
The feasible region

(a) is not in the first quadrant

(b) is bounded in the first quadrant
(c) is unbounded in the first quadrant
(d) doesn’t exist
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SELF ASSESSMENT-2

EAH OF THE FOLLOWING MCQ HAS ONE OPTION CORRECT, CHOOSE THE CORRECT
ALTERNATIVE.

1.

Solution set of the inequation y <0 is

(a) Half plane below the x-axis excluding the points on x-axis
(b) Half plane below the x-axis including the points on x-axis
(c) Half plane above the x-axis

(d) None of these

Regions represented by inequations x>0, y>0is

(a) firstquadrant

(b) second quadrant

(c) third quadrant

(d) fourth quadrant

The feasible region for an LPP is always

(a) concavo convex polygen

(b) concave poloygon

(c) convex polygon

(d) None of these

If the constraints in a linear programming problem are changed then
(a) the problemis to be reevaluated

(b) solution not defined

(c) the objective function has to be modified

(d) the change in constraints is ignored

L.P.P. is as follows:

Minimize Z = 30x + 50y

Subject to the constraints,

3x+5y>15

2x+3y<18

x>0,y>0

In the feasible region, the minimum value of Z occurs at

(a) aunique point

(b) no point

(c) infinitely many points
(d) two points only
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ANSWER
One Marks Questions

1. (c) 2. (d)(4,2) 3. (c)a=3,b=5
4. (d)136 5. (a)80 6. (@)2

7. (d) infinite 8. (c) 9. (¢)

10. (c) 1. (a) 12. (¢)0

13. (b) unbounded 14. (c)Atriangle 15. (c)

16. (b) 17.(c) 18. (b)

19. (d) 20. (b)

21. (a) 22. (a) 23. (d)

24. (a) 25. (d)

Three Marks Questions

-29
1. Optimal solution ( g %) , maximize = 3 feasible region unbounded.

2. Optimal soluti (@Ej imize = 2> =12.3
. pumal solution 19119 , maximize = 19 -

Optimal solution (0, 200), maximize = 400
Maximize z = 2600 at C(200, 600) and minimize z is 2100 at A(0, 700)
Minimize z =— 12 at (4, 0)

Unbounded, minimize z = 160. It occurs at all the points onthe line segment joining

o o M w

1 8 o . )
2,5 and 5,0 . So, infinite optimal solutions.

Maximize z = 4000 at (4, 4)
Maximize z = 20,000 at (200,0)
Miximize z = 300 at (60, 0)

10. Miximize z =42000 at (20, 80)

11. Max Z = 4 at (2,0)

Five Marks Questions
1. Max z =250 at x =50, y =100
2. (i)Max z =12 at (4,0) and min z=-32 at (0,8)
(ii) P = 2q, infinite solutions lying on the line segment joining the points B and C
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CASE STUDIES QUESTIONS

2
1. (i) maximize z=x +y (ii) 54; km

n

(i) minimize z = 150x + 200y (ii) (5, 3) and Rs. 1350

SELF ASSESSMENT-1

1. (b) 2. (b) 3. (©) 4. (c) 5. (b)
SELF ASSESSMENT-2
1. () 2. (a) 3. (c) 4. (a) 5. (c)
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CHAPTER-13
PROBABILITY

Probability is the branch of mathematics that deals with assigning a numerical quantity
(0 < p <£1) to the happening/non happening of any event.

— Weather Forecasting

— Sports betting

Real Life — Investing in stock market
Applications

—> Politics

— How likely a natural disaster like earthquake, hurricane etc.
will strike the country in a given year.

‘.9
Y
"

tj = LU S BETTIN
» _@8
& -

A sports betting company may look at the current record of two teams Aand B and determine
which team has higher probability of winning and do the sports betting accordingly.

TOPICS TO BE COVERED AS PER CBSE LATEST CURRICULUM (2025-26)
Conditional probability

Multiplication theorem on probability

Independent events

Total probability and Baye’s theorem
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KEY POINTS

Conditional Probability : If A and B are two events associated with the same sample
space of arandom experiment, then the conditional probability of the event A under the condition
that the event B has already occurred, written as P(A|B), is given by

_(PNB)
P(A|B) = —P(B) , P(B)#0.
Properties :
(1) P(S|F) = P(F|F) = 1 where S denotes sample space
) P((A U B)IF) = P(AIF) + P(BIF) — P((A N B)IF)
@) P(E'|F) =1 - P(E|F)

Multiplication Rule : Let E and F be two events associated with a sample place of an
experiment. Then

P(E N F) = P(E) P(F|E) provided P(E) # 0
= P(F) P(E|F) provided P(F) = 0.
If E, F, G are three events associated with a sample space, then
P(E N F N G) = P(E) P(FIE) P(GI(E N F))

Independent Events : Let E and F be two events, then if probability of occurrence one of them is not
affected by the occurrence of the other, then E and F are said to be independent events, i.e.,

(@  P(FIE)=P(F), P(E)#0
or (b)  P(EIF)=P(E), P(F)=0
or (c) P(E N F)=P(E)P(F)

Three events A, B, C are mutually independent if
P(A N B N C)=P(A)P(B)P(C)
P(A N B) = P(A) P(B)
P(B N C) =P(B)P(C)
and P(A N C)=P(A)P(C)

Partition of a Sample Space : A set of events E,, E,, ..., E, is said to represent a
partition of a sample space S if

(a) ElﬂEj=¢!I¢jvlaj=1,2!3,1n
(bE; U E, U E5... U E,=Sand
(c) Each E;#¢ie. P(E)>0V i=1,2,..,n
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Theorem of Total Probability : Let {E,, E,, ..., E, )} be a partition of the sample space S.

Let A be the any event associated with S, then

P(A) = > P(E)) PAE)
j=1

Baye’s Theorem : If E,, E,, ..., E, are mutually exclusive and exhaustive events
associated with a sample space S, and A is any event associated with E;'s having non-zero

probability, then

P(A|E;)P(E))

D P(A|E)P(E)

i=1

P(EJA) =

lllustration:

o N

5
Evaluate P(A U B) if 2P(A) = P(B) = 77 and P(AIB) =

5
Solution: 2P(A) = P(B) = 3

5 5
= P(A) = 26" P(B) = 13

232
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P(A NB)

As P(AIB) = ~pg)

2 P(AnB) 2 B
=57 @y = ps 0P
. %—P(AmB)

Now, P(A U B) = P(A) + P(B) — P(A N B)

_i+£_2 1
~ 26 13 13 16

lllustration:
Prove that if E and F are independent events, then the events E and F’ are also independent.
Solution: P(E N F) = P(E) P(F) (given)
Consider, PENF')=P(E)-P(ENF)
= P(E)-P(E) P(F)
= P(E) (1 -P(F))
P(E N F')=P(E)-P(F')

So, E and F' are also independent.

lllustration:

A card from a pack of 52 cards is lost. From the remaining cards of the pack, two cards are
drawn. What is the probability that they both are diamonds.

Solution: Let E, = lost card is diamond
E, = lost card is non-diamond
A = 2 diamonds cards are drawn from the remaining cards
Using Theorem of total probability
P(A) = P(AIE,) P(E,) + P(AIE,) P(E,)
_12 1 jZa( 12 13 ;}_9
= 51°50 52° 50 51 55°

132 468 _ 600" _ 1
10200 10200 1620077 17
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ONE MARK QUESTIONS

The events E and F are independent. If P(E) = 0.3 and P(EUF) = 0.5, then P(E/F) — P(F/
E) equals:

1 2
@) - (b) b3
3 o
© 35 @ 70
2. Fortwoevents Aand B, if P(A) = 0.4, P(B) = 0.8, P(B/A) = 0.6, then P(AUB) is:
(@) 0.24 (b) 0.3
(c) 0.48 (d) 0.96 5
3. If Aand B are two events such that P(A/B) = 2 x P(B/A) and P(A) + P(B) = 3 then
P(B) is equal to
2 7
@ 3 0) 3
7 o5
© 3 @ 3
4. Two events Aand B will be independent, if;
(@) A and B are mutually exclusive
(b) P(A)=P(B)
(c) P(A'B') =[1 - P(A)] [1-P(B)]
(d) P(A)+P(B) =1
4 7 )
5. If for any two events A and B, P(A) = 5 and P(A NB) = 10 then P(B/A) is equal to
1 o1
@ 1o (b) 3
7 o 17
© 3 @ 25
6.  Five fair coins are tossed simultaneously. The probability of the events that atleast one
head comes up is
27 o 5
@ 35 (b) 35
31 o L
© 32 @ 32
7. Ashima can hit a target 2 out of 3 times. She tried to hit the target twice. The probability
that she missed the target exactly one is
2 o1
@ 3 (b) 3
4 o1
© 3 @ 3
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10.

1.

12.

13.

14.

If sum of numbers obtained on throwing a pair of dice is 9, then the probability that
number obtained on one of the dice is 4 is

(o] IN

(b)

©|=

(@)

1
© 15 (d)

. -2 3 .
X &Y areindependentevents suchthat P(X N y) = 7 and P(X) = 5 ThenP(Y)is equal

to

2 2
(@) 3 (b) 5

W=

© 3 (d)

1 3 B
If for two events Aand B, P(A—B) = 5 and P(A) = 5 then P(Zj is equal to

@) (b)

g D=
wlin o|lw

(©) (d)

If Aand B are two events such that P(A) > 0 and P(B) = 1, then P(A | B)=

(@) 1-P(A/B) (b) 1-P(A/B)
1-P(AUB) P(A)

© Py @ 55)

A and B are events such that P(A/B) = P(B/A) then

@ AcB (b)B=A

() AnB=¢ (d) P(A)=P(B)

Two aeroplanes | and [l bomb a target in succession. The probabilities of | and Il scoring
a hit correctly are 0.3 and 0.2 respectively. The second plane will bomb only if the first
misses the target. The probability that the target is hit by the Il plane is

(@ 0.2 (b) 0.7

(c) 0.06 (d) 0.14

P(E ~ F)is equal to

(@) P(E) P(F/E) (b) P(F).P(E/F)
(c) Both (a) & (b) (d) None of these
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15. Two dice are thrown. If it is known that the sum of the numbers on the dice is less than
6, the probability of getting a sum 3 is

1 2
@ g b) 5

1 5
© 3 d 15

In following questions Q16 to Q20, a statement of Assertion (A) is followed by a statement of
Reason (R). Choose the correct answer out of the following choices.
(@) Both (A) and (R) are true and (R) is the correct explanation of (A)

(b) Both (A) and (R) are true but (R) is not the correct explanation of (A)
(c) (A)istrue and (R)is false
(d) (A)is false but (R) is true

16. Assertion (A) : Let Aand B be two independent events. The P(AnB) =P(A) +P(B)
Reason (R) : Three events A, B and C are said to be independent if

P(ANBNC)=P(A).P(B).P(C)
17. Assertion (A) : Two coins are tossed simultaneously. The probabiltiy ofgetting two

1
heads, if it is known that atleast one head comes up is 3

Reason (R) : Let E and F be two events with a random experiment, then

P(F/E):—P(z(g)E)
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18. Assertion (A) : Bag P contains 6 Red and 4 Blue balls and Bag Q contains 5 red and 6
Blue Balls. Aball is transferred from Bag P to bag Q and then a ball is drawn from Bag

8
Q. The probability that the ball drawn from bag Q is blue is 15"

Reason (R) : According to the law of total probability

P(A)=P(E,)P(A/E,)+P(E,)P(A/E,) where E, and E, partitions the sample space S

and Ais any event connected with E, and E,.

TWO MARKS QUESTIONS

1. Aand B are two events such that P(A) = 0, then find P(BJA) if (i) A is a subset of B (ii)
AN B=¢.

2. Out of 30 consecutive integers two are chosen at random. Find the probability so that
their sum is odd.

3. Assume that in a family, each child is equally likely to be a boy or a girl. A family with
three children is chosen at random. Find the probability that the eldest child is a girl
given that the family has atleast one girl.

5 _ . 2 _ _
4. If Aand B are such that P(A U B) = ) andP(A U B)= g,thenfindP(A)+P(B).

5. Prove that if A and B are independent events, then A and B’ are also independent
events.

6. If A and B are two independent events such that P(A) = 0.3, P(A U B) =0.5, then find
P(AIB) - P(BIA)

7. Three faces of an ordinary dice are yellow, two faces are red and one face is blue. The
dice is rolled 3 times. Find the probability that yellow, red and blue face appear in the
first, second and third throw respectively.

8. Find the probability that a leap year will have 53 Fridays or 53 Saturdays.

9. Aperson writes 4 letters and addresses on 4 envelopes. If the letters are placed in the
envelopes at random, then what is the probability that all the letters are not placed in
the right envelopes.
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10.

In a class Xll of a school, 40% of students study Mathematics, 30% of the students
study Biology and 10% of the class study both Mathematics and Biology. If a student
is selected at random from the class, then find the probability that he will be studying
Mathematics or Biology.

THREE MARKS QUESTIONS

Q.1. A problem in mathematics is given to three students whose chances of solving it are
1 1
53 and 1 What is the probability that the problem is solved ?
. — 2 _ 1

Q.2. If Aand B are two independent events such that P(A N B) = I andP(AN B)= 5
then find P(A) and P(B).

Q.3. Amitand Nisha appear for an interview for two vacancies in a company. The probability
of Amit’s selection is 1/5 and that of Nisha’s selections is 1/6. What is the probability
that
(i) both of them are selected?

(i) only one of them is selected?
(i) none of them is selected?

Q.4. Suppose that 10% of men and 5% of women have grey hair. A grey haired person is
selected at random. What is the probability that the selected person is male assuming
that there are 60% males and 40% females ?

Q.5. Two dice are thrown once. Find the probability of getting an even number on the first die
or a total of 8.
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Q.6. Two aeroplanes X'and Y bomb a target in succession. There probabilities to hit correctly
are 0.3 and 0.2 respectively. The second plane will bomb only if first miss the target.
Find the probability that target is hit by Y plane.

_ 1
Q.7. Aand B are independent events such that P(A N B) = % and P(AnB) = & - Find P(A)

and P(B).

Q.8. There are two coins. One of them is a biased coin such that

P(Head) : P(tail) is 1 : 3 and the other is a fair coin. A coin is selected at random and
tossed once. If the coin showed head, then find the probability that it is a biased coin.

Q.9. Afair coin and an unbiased die are tossed. Let A be the event “Head appears on the
coin” and B’ be the event, “3 comes on the die”. Find whether Aand B are independent
or not.
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Q.1.

Q.2.

Q.3.

Q4.

Q.5.

Q.6.

Q.7.

FIVE MARKS QUESTIONS

By examining the chest X-ray, the probability that TB is detected when a person is
actually suffering is 0.99. The probability of a healthy person diagnosed to have TB is
0.001. In a certain city, 1 in 1000 people suffers from TB. A person is selected at
random and is diagnosed to have TB. What is the probability that he actually has TB ?

Three persons A, B and C apply for a job of Manager in a private company. Chances of
their selection (A, B and C) are in the ratio 1 : 2 : 4. The probabilities that A, Band C
canintroduce charges to improve profits of the company are 0.8, 0.5 and 0.3 respectively.
If the change doesn’t take place, find the probability that it is due to the appointment
of C.

Aletter is known to have come either from TATANAGAR or from CALCUTTA. On the
envelope, just two consecutive letters TA are visible. What is the probability that the
letter came from TATANAGAR.

Three critics review a book. Odds in favour of the book are 5:2,4:3 and 3 : 4
respectively for the three critics. Find the probability that the majority are in favour of
the book.

An urn contains five balls. Two balls are drawn and are found to be white. What is the
probability that all the balls are white?

A card from a pack of 52 cards is lost. From the remaining cards of the pack, two cards
are drawn at random and are found to be both clubs. Find the possibility of the lost card
being of club.

Bag | contains 3 red and 4 black balls and Bag Il contains 4 red and 5 black balls. One
ball is transferred from Bag | to Bag Il and then a ball is drawn from Bag Il at random.
The ball so drawn is found to be red in colour. Find the probability that the transferred
ball is black.

240
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CASE STUDY QUESTIONS

Q.1. There are different types of Yoga which involve the usage of different poses of Yoga
Asanas, Meditation and Pranayam as shown in the figure below:

Q-
o Kundalini Yogn

o Vinyasa Yoga k

L, £33,

\:[50 Bikram Yogn ‘

Q v §

Types of Yoga

The Venn Diagram below represents the probabilities of three different types of Yoga, A,
B and C performed by the people of a society. Further it is given that probability of a
member performing type C Yoga is 0.44.

p B

oﬂ

On the basis of the above information, answer the following questions:
(i) Find the value of x.

(i) Find the value ofy.

(iii) (a) Find P(%)
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OR

(ii) (b) Find the probability that a randomly selected person of the society does Yoga of
type A or B but not C.

Q.2. Recent studies suggest that roughly 12% of the world population is left handed.

** [ ™ ]
. CHMAMCE OF & LEFT MANDED Cm.0

** Lo N Y

: Ny - CHMASCE OF & LEFT WAMDED
s e

prp— T
- Cokaa(l OF & LETT MAMDER [0

ROUGHLY 1" wnlmnnumm ’ *‘ . T S ——

Depending upon the parents, the chances of havig a left handed child are as follows:

A : When both father and mother are left handed

Chances of left handed child is 24%
B : When father is right handed and mother is left handed:

Chances of left handed child is 22%
C : When father is left handed and mother is right handed:

Chances of left handed child is 17%
D : When both father and mother are right handed:

Chances of left handed child is 9%

1
Assuming that P(A) = P(B) =P(C) =P(D) = 2 and L denotes the event that child is left
handed.
Based on the above information, answer the following questions:

(i) Find P(L/C)
(ii) Find P(L/A)

(iii) (a) Find P(A/L)

OR

(b) Find the probability that a randomly selected child is left handed given that exactly
one of the parents is left handed.
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Q.3. In a birthday party, a magician was being invited by a parent and he had 3 bags that
contain number of red and white balls as follows:

Bag 1 contains : 3 red balls, Bag 2 contains : 2 white balls and 1 Red ball
Bag 3 contains : 3 white balls

The probability that the bag i/ will be chosen by the magician and a ball is selected from
i

itis —,i=1,2,3.
6

Based on the above information, answer the following questions.
(@) Whatis the probability that a red ball is selected by the magician?
(b) What is the probability that a white ball is selected by the magician?

(c) Giventhat the magician selects the white ball, what is the probability that the ball
was from Bag 2.
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Q.4. In an office three employees Vinay, Sonia and Igbal process incoming copies of a
certain form. Vinay process 50% of the forms. Sonia processes 20% and Igbal the
remaining 30% of the forms. Vinay has an error rate of 0.06, Sonia has an error rate of
0.04 and Igbal has an error rate of 0.03.

#ICLS" @ak%x#..

Based on the above information answer the following :

(/) Find the conditional probability that an error is committed in processing given that
Sonia processed the form?

(i) What is probability that Sonia processed the form and committed an error?

(iify What is total probability of committing an error in processing the form?

SELF ASSESSMENT-1

EACH OF THE FOLLOWING MCQ HAS ONE OPTION CORRECT, CHOOSE THE CORRECT
ALTERNATIVE.

1. IfAand B are independent events such that P(A) = 0.4, P(B) = xand P(A\U B) = 0.5, then
x=7?

4
@ 3 (b) 0.1

1
(c) 5 (d) None of these
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If P(A) = 0.8, P(B) = 0.5 and P(B/A) = 0.4, then P(A/B) is
(@) 0.32 (b) 0.64
(c) 0.16 d) 0.25

. A couple has two children. What is the probability that both are boys if it is known that one
of them is a boy?

w|N

1
@ 3 (b)

3 1
(c) 2 d) 7

If two events are independent, then

(a) they must be mutually exclusive

(b) the sum of their probabilities must be equal to 1

(c) (a)and (b) both are correct
)

(d) none of the above is correct

SELF ASSESSMENT-2

EAH OF THE FOLLOWING MCQ HAS ONE OPTION CORRECT, CHOOSE THE CORRECT
ALTERNATIVE.

. Two cards are drawn from a well shuffled deck of 52 playing cards with replacement. The
probability that both cards are queens is

1.1 by s
@ 13*73 ®) 137713
ixi d ixi
© 13777 @ 13751
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Three persons A, B and C fire at a target in turn, starting with A. Their probability of hitting
the target are 0.4, 0.3 and 0.2 respectively. The probability of two hits is

(@) 0.024 (b) 0.188
(c) 0.336 (d) 0.452
3. If4P(A) =6P(B) = 10P(A N B) =1, then P(B/A) = ?
2 L, 3
@ 3 b) %
7 o 19
© 7o @ %o
4. Aletter is known to have come either from LONDON or CLIFTON; on the postmark only
the two consecutive letters ON are legible. The probability that it came from LONDON is
5 12
@ 17 ®) 37
17 o 3
© 3 @ z
ANSWER
One Mark Questions
1. (d 1 2. (d)0.96 3 2 4
(D) 75 - (@0, (@3 . (©)
5 z 6 31 7 4 8. (d !
L © 3 O 5 NOR @5
1 2 _
9. (c) 3 10. (d)g 11. (b) 1-P(A/B) 12. (d) P(A) = P(B)
1
13.(d) 0.14 14. (c)Both (a) & (b) 15. (c) 5
16. (d) 17. (a) 18. (a)
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Two Marks Questions

. .. 15 4
1. ()1 (@i)O 2. 29 3. 5
10 1 1 3
4 E 6 ﬁ 7. % 8 7
23
9 21 10. 0.6
Three Marks Questions
3 1 1 5 4
1. N 2. P(A)= 5 and P(B) = s or P(A) = s and P(B) = 5
s i i 2 i 2
() 35 () 79 (i) 3
3 5 7
4 0 5. 9 6 30
1
7. —and—,—and—
4’4
g 4
"3
9. Yes, A and B are independent.
Five Marks Questions
110 7 7
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, 200 . 1
" 343 T2
11 16
6. % 7. a
CASE STUDY QUESTIONS
23
1. () x=0.23 (i) y=0.04 (i) (a) % or (b) 046

2. (i) P(L/C) = 0.17, (i) P(L/A) = 0.76 (iii) (a) P(A/L) =% or (b)0.39

5 13 4
3. (@ 15 b) 75 © 13
4. (i) 0.04 (i) 0.008 (i) 0.047
SELF ASSESSMENT-1
1. (¢) 2. (b) 3. (a) 4. (d)
SELF ASSESSMENT-2
1. () 2. () 3. (a) 4. (b)
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